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Solutions to llTJEE-2005 Mains Paper 

Mathematics 
Time: 2 hours 

Note: 

Q1. 

Quest ion number 1 to 8 carries 2 marl<s each, 9 to 16 carries 4 marks each and 17 to 18 carr ies 
6marks each. 

A person goes to office e~he r by oar, scooter, bus or train probabil~ of which being.!, ~. ~ and.! 
7 7 7 7 

. p . . ffi ~ . . 2 1 4 respectnrely. robabol~ lhal he reaches o ce lare . he takes car, scooter. bus or tra on os g' 
9

, 
9 

and .! respectively. Given that he reached office in time, then what is the probabil~ that he travelled 
9 

by a car. 

Sol . Let C. S, B. T be the even1s of the person going by car. scooter, bus or train respectively. 

Q2. 

Sol. 

. 1 3 2 1 
Gnren that P(C) =y, P(S) =7, P(B) = 7. P(l) = 7 

Let 'C be the eventof thepersonreachingtheoffice in t ime. 

==- P('C) _ ?. p('C) - ~ p('C) - ~ P('C) _ ! c g · s g · e 9 · r 9 

c P(~}P(c) ~·~ 1 
""p(r)- P(L) .!.?..~.~.!..~.! • .! - 7· 

79797997 

Find the range ofvalues of t for which 2 s in I= 
1iz 2x + 5,(' . t ~ [-!, "] . 
3 -2x- 1 2 2 

Lety= 2sint 

1-2x+5X' 
so.y= ~.----3><'- 2x-1 
=:> (3y- 5)x'- 2x(y- 1)- (y + 1)= 0 

sincexeR- {1. -i}.soi>~O 
=:oj-y-1~0 

) 1+./5 d ( 1-./5 or Y-
2 

an y _ 
2 

. > 1+./5 . ( 1-./5 orslnt _ 
4 

and smt _ 
4 

Hence range oft ts -- - - v - - . . [ " "] [3" "] 2' 10 10. 2 

Q3. Circles w~h radii 3, 4 and 5 touch each other exrernally ~ P is the point of intersection of tangents to 
these circles at their points of contact. Find the distance of P nom the points of contact. 
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Sol. Lot A B, C be the centre ofthe three circles. 
Clea rly the point P is the in-<:entre ot the AABC, and 
hence 

r= !_ J s(s-a)(s-b)(s-o) _ Jcs - aXs - bXs - c) 
s s y s 

Now 2s=7+8+9=24~s=12. 

H J 5.4.3 ~ ence r = -- - 'I'>. 
12 

Q4. Find the equation of the plane containing the line 2x - y + z - 3 = 0. 3x+ y + z = 5 and at a distance of 

.Je from the point (2, 1,- 1). 

Sol. Lot the equation ot plane be (37. + 2)x+ (A- 1)y+ (A+ 1)z - 57.-3 = 0 

67.+4+7. - 1-7.-1-57. - 3 1 
~ --J3A + 2)' + (A - -rf + (A + -rf .j6 

~f(;>.-1)'= 11;>.' + 12;>. + 6 =;>. = 0, -~ -
5 

~The planes are 2x -y + z -3 = 0 and62x + 29y + 19z- 105 = 0 . 

Q5. If lf(x.)- f(x,)l < (x. -><:f. for all x •. x. c:R. Find the equation ot tangent to the curve y = ( x) at the 
point(1 . 2). 

Sol. lf(x,)-f(><,)l <(x, -x.f 
= lim f(xr) -f(x,) <lim lxr -x

2
1 ~lf'(x)l <6 ~f(x)=O. 

x,-h> x, - ~ x,-b> 

Hence f(x) is a co nstant function and P(1. 2) lies on the curve. 
~f(x)=2 is the curve . 
Hence the equation of tangent is y- 2 = 0. 

Q6. If total number of runs scored inn matches is ( n: 
1)ct''' - n - 2) where n > 1. and the runs scored 

in thek1"matchare givenbyk . 2""•. where1 ~k~ n. Findn. 

Sol. 
n n 

Lots.= 2,:k.2M+IC = :t' .. 2,:k .2 ... 
k-1 k•1 

= 2[2"" -2-n] 
n+1 

~-- 2 ~n=7. 
4 

=2" .. 2[1 - ..!_ __ n J 
2n 2""" 

(sum ofthe AG.P.) 

Q7. The area ot the triangle formed by the intersection ot a line parallel to x- axis and pass ing through 
P(h, k)w~h the lines y = x and x + y= 2 is 4h' . Find the locus ot the point P. 

Sol. Area of triangle =2. . AB. AC = 4h' 
2 

andAB = .fi lk -1 1= AC 

~4h·=2. . 2 (I< -11 
2 

~k-1=±2h. 

~ locus is y= 2x+ 1, y = -2x+ 1. 
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Q8. Evaluate [ e ~»'•l( 2sin( icosx} 3cos(icosx )) sinx <tx. 

Sol. I= lei=XJ ( 2sin(icosx )+ 3 cos G cosx )) s in x dx 

Q9. 

Sol. 

Q10. 

Sol. 

>12 

= 6 J eet:JSx sin xcos( icos x )dx 
a 

Let cos x=t 

I =6 [ e' cos(i)~ 

= ~4( ecosG)+ ~sin(i)-1) 

>J is unit vector along the incident ril'/ and llll 
is lhe un~ vector along lhe reflected ril'/. 
Hence d is a unit vector along the external 
bisector of V and W. Hence 
W- V- A.a 
=-1+ 1- W·V - A2 

or2 - 2 cos 29 =1.' 
or1.= 2sin 9 
where 29 is lhe angle beween >J and llll. 

Hence w-v - 2s in9.l - 2cos(90° - 9)a - -{2a-v)a 

~.;, - v - 2(.1 -v)a . 

ff 1(2a - x) --t(x)l 
if f(2a - x) - f(x) 

Tangents are drawn from any point on the hyperbola ><'- - ,j - 1 to the circle -,1 + I= 9. Find the 
9 4 

locus of mid-point of the chord of co ntact 

Any point on the hyperbola ; - Y: -1 is (3 sec9. 2 larlj). 

Chord of contact of the circle -,1 + I= 9 w~h respect to lhe point (3 sec 8. 2tan 8) is 
3sec8.x +2 ta n8.y= 9 .... (1) 
Let (x, . y,) be the mid;> oint of lhe chord of contact. 
:;>equation of cho rd in mi~pointtorm is xx. + yy. = x. :z + y.z ... . (2) 
Since (1) and (2) representthe same line. 
3se c8 2tan8 9 

x z+ y• I I 
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Q11 . Find 11\e equation of 11\e common tangent in 1"' quadrant to 11\e circle.,(+ o/ = 16 and the ellipse 

,;! + Y' - 1 . Aiso find the length of the in~rcept of the tangent between 11\e co or dina~ ~es. 
25 4 

Sol . Let 11\e equations of tangents tx> the given circle and the ellipse respectively be 

y=mx+~ 
and y = mx + .,J.-25-rrf:-+-4 

Since both ofthese represent the same common tangent. 

~ -./25m2 +4 
=> 16(1 + m') = 25m' + 4 

2 
=>m=± J3 
The tangent is at a point in 11\e first quadrant => m < 0. 

=-m=--]3 . so1hat the equation of the common tangent is 

2 A/7 
y = -"J3X+ '/J . 

It meets the coordinate axes at A(M . 0) and a( 0. 4.Jf) 

14 
=-AB=./3 

Q12. If length of tangent at any point on the curve y = (x) intercepted between 11\e point and the x- axis is of 
length 1. Find the equation of the curve. 

so1. Lengthoftangent= yJ 1• (:rl =-1= >~ [1•(:;)'] 
dy v I ~ =---± ~ ~dy-±x+c . 
dx J1- y> y 

Wr ~ing y =sin 9. dy =cos 9 dl and in~grating, we get th e equation ofthe curve as 

.j1- y 2 + ln~1 - .J:-Y' 1-±x +c . 

Q13. Find the area bounded by the curves.,(= y,>? = - y and o/ = "« - 3. 

Sol . The region bounded by 11\e given curves 
>?= y, >?= -y ando/ =4x - 3 is 
symmetrical about the x- axis . The parabolas .,( = y 
ando/ =4x-3 touch at the point(1, 1). 
Moreover the vertex of the cun1e 

o/=4x-3is at(~.o). 
Hence 1he area of the region 

= 2 [J x
2
dx - j .J4x - 3dx] 

a lr• 

= 2 [( ;t - ~((4x - 3t>L] = 2 [;-; ] -i· sq. un~. 

"'=y y 
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Q14. If one of the vertices ot the square circumscribing the circlelz -1 1 = ./2 is 2 + ./3 i. Find the other 
vertices of square. 

Sol. Since centre of circle i.e. (1 . 0) is al;o the 
mid-point of diagonal; ot square 

Zr + z, c:;. 
~ 2 - zo ~ Zz - -.,.:n 

and ~- 1 - e~•rz 
z1 -1 

~ olh er vertices are 

z. .z. = (1-./3)+ i and(1+./3)-i . 

Q15. If f(x- y) = f (x). g (y) - f (y). g (x) and g (x -y) = g (x). g (y) + f (x). f (y) for all x. y c: R. If right hand 
derivative at x = 0 exists for f (x). Find derivative ot g (x) at x = 0. 

Sol. f(x - y)= f (x) g(y) - f(y) g(x) ... (1) 
Putx = y in(1).we get 
f(O) =0 
puty= 0 in(1). we get 
g(O)= 1. 

Now. 1 (0 ') = lim f(O + h) - f(O) = lim f(O)i( -h)- i(O)f( -h)- f(O) 
~~ h ~~ h 

= lim f(- h) (': f(O)=O) 
~~ - h 

= lim f(O - h) - f(O) 
~~ -h 

= 1 (0"). 
Hence f(x) is differentiable at x = 0 . 
Puty=x in g~x-y)= g(x). g(y)+ f(x). f(y). 
Alsof(x) + g (x)= 1 
~ </ (x)= 1-f(x) 
~2g' (0) g(O)= -2f(O)f (0) =0 ~ g· (0)= 0. 

Q1S. If p(x) be a polynomial ot degree 3 satisfying p(-1) = 10. p(1) = -6 and p(x) has maximum at x = -1 
and p' (x) has minima atx= 1. Find the distance belroeen l he local maximum and loca l minimum of the 
curve . 

Sol. Let the polynomial be P (x) = a>f + bx' +ex+ d 
According to gWen conditiorG 
P(-1)= -a+ b -o+ d = 10 
P(1)= a+ b+ c+d=-6 
Also p· (-1)=3a-2b+ c=O 
and P" (1)= 6a +2b= 0 ~ 3a + b =0 
Solving for a. b. c. d we gel 
P(x) ='If -3x' -9x + 5 
~p (x)=3x'-6x-9=~x+ 1)(x-3) 
~x= -1 is the po int of maximum and x=3 is the point of minimum. 
Hence distance bebJveen ( - 1. 10) and (3. - 22) is 4 -/65 units . 

Q17. f(x) is a differentiable function and g (x) is a double differentiable function such that~ (x)l ~ 1 and 
f(x)= g (x). lff(O)+ g'(O)= 9. Prove lhallhere exists some c c: (-3. 3)suchthat g(c). g"(c)<O. 

Sol. Let u> suppose that both g (x) and g' (x) are pos~ivefor all xc: (-3,3). 

Sincef(O)+ </ (0) = 9 and-1 ~ f (x)~ 1.2 ./2 ~ g (0)~ 3. 
From f (x) = g (x). we get 

X 

f (x) = J i(x)dx + f (-3). 
-l 
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MoreO'IIer. g' (x) is assumed to be posnive 
~the cuNey= g (x) is open upwards. 

X 

lfg (x) is decreasing, then for some value ofx I !(x)dx >area ofthe rectangle(O - (...::5))2 ./i 
- 3 

~f(x) >2./i • 3-1 i.e. f(x) > 1 wh ich is a contradiction. 
X 

lfg (x) is increasing, forsomevalue ofx I !(x)dx >area of the rectangle(3 - 0))2./2 
- 3 

~f(x) >2./i • 3-1 i.e. f(x) > 1 wh ich is a contradiction. 
X 

If g(x) is minimum at x = 0 , then I !(x)dx > area of the rectangle (3 - 0)2 .J2 

- 3 

~f(x)>2.J2 •6 - 1 i.e. f(x)> 1wh ich is a contradiction. 

Hence g(x) and g" (x) cannot be both posnivethroughoutthe inteNal(-3. 3) . 
Similarly we can prove that g(x) and g"(x) cannot be both negative throughout the inteNal (- 3. 3). 

Hence there is atleast one value of c c: (-3. 3) where g (x) and g" (x) are of opposne sign 
~g(c). g" (c)< O. 

AJtermte: 
3 3 I !(x)dx - If'(x)llx = f (3) -f(O) 
D D 

~ l !(x)ll1 < 2 ...... (1) 

In the same way 1 !(x )ll1 < 2 ...... (2) 

~ l !(x)ll+ I !(x)ll1 < 4 ... ... (3) 

From((O))'+ (g(O)'f'= 9 
we get 

2./i<g(0)<3 

or-3 < g (0) < - 2./2 

Case 1: 2.{2 < g(O) < 3 

...... (4) 

.. .. .. (5) 

Let g (x) is concave upward "1 x(-3, 3)then 
the area 

D 3 I !(x)dx + I !(x)llx ) 6./2 
-3 D 

which is a contradiction from equ ation (3). 

:. g (x) will be concave downward for some c (-3. 0) 
c: (-3. 3) i.e. g" (c)< 0 .. .. .. (6) 
also altha! pointe 

g (c) will be greate r than 2 ./2 

~ g(c) > 0 .. .. .. (7) 
From equation (6) and (7) 

g (c) . g" (c)< 0 for some c c: (-3. 3). 
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Case II: -.;3 < g (0) < ..!2 .fi 
Let g (x) is con cave downward '1 x ( -3. 3) ( -3 · 0) (3.0) 

t hen the area 
a > I ~x)dx + I ~x)dx > e./2 
-> a 

which is a contradiction f rom equation(3). 
:. g (x) w ill be concave upNard for some 
e c: (-.;3. 3) i.e. g" (e)> 0 ...... (8) 
also altha! point e 

g (c) will be less t han -2../2 
~ g(c) < 0 .. .. .. (9) 
From equation (8) and (9) 
g (c) . g" (c)< 0 for some e c: (-.;3, 3). 

Q18 . If [:: : :][f~~;]J~~ :~:] , f(x) is a quadratic function and its maximum value occurs at a 

<1¢2 <1¢ 1 1(2) l3 c' + 3c 

point V. A is a point of intersection ofy= f (x)wilh x-axis and point 9 is such that ehordA9 subtends a 
rightangle at V. Find the area enclosed by f (x) and chord A9. 

Sol. Let we have 
4i f(-1)+4a f (1)+f(2)= 3a2 + 3a .. . (1) 
4b2 f(-1)+4bf(1)+f(2)= 3b2 + 3b .. . (2) 
4c2 f(-1)+<1cf(1)+f(2)=3c'+3e .. . (3) 
Consider a quadratic equation 
41<' f( - 1) + 4< f (1) + f (2) = 31<' + 3X 
or ('lf(-1)-3) x 2 + [41(1) - 3] x + 1(2)= 0 ... (4) 
As equation (4) has three rools i.e. x = a, b. e. It is an identity. 

3 3 
~f(-1)= 

4 
.f(1)= 

4 
andf(2)=0 

(4 x2) 
~f(x)= ... (5) 

4 
Let point A be (..!2, 0) and 9 be (2t, -f + 1) 
Now as AB subtends: a right a ngle at the vertex 
V(O, 1) 

1 - f 
- · ---1 ~t= 4 
2 21 
~ 9:(8, -15) 

I
8

( 4 - x
2 

3x +6} _ 125 :. A rea= + x- - sq . units. 
4 2 3 

- 2 

evid
ya

rth
i.in

Educational Material Downloaded from http://www.evidyarthi.in/ 
Get CBSE Notes, Video Tutorials, Test Papers & Sample Papers


	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page
	Blank Page



