& eVidyarthi

FREE Education
Quadratic Equation and In equations (Inequalities) Solutions
SUBJECTIVE PROBLEMS:
Sol 1.

g -3 =32 (%) 2

= 4x - 3x//3 = 3x\/3 - 4x/2
=3/24x=3x(V3+1/V3)=>3/24x=3x4/V3
= (4/3)x¥=12x-3/2=0

=>x=3/2

Sol 2.

RHS=(m-1,n+1)+x" "' (m-1,n)

=(1-x""H(2-x""H...... (1-x"""1/1-x)(1-x)....... (1-x""1h
+x T -x"TY (@ =x"TY) 1-x"""/1-x)(1-x)..... (1-x")]
=(1-x""H(1-x""H..... (1-x"""/(1-x)(1-x%)..... (1-x")

[I=x"""Y1-x"" e x™ )

[A=x""" " e x™ " ™1 X"

=(1-x")(2-x""Y...... 1-x"""/(1-x)1-x)..... (1-x")(1-x"*"
=(m,n+1)=LH.S.

Sol 3.

Vx+1=1+Vx-1

Squaring both sides, we get
x+1=1+x-1+2Vx-121=2Vx-1.
=>1=4(x-1)

=>x=5/4
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Sol 4.

Given a > 0, so we have to consider two cases: a # 1 and a = 1. Also it is cleat that x>0

Andx#1,ax#1,a2x#1

Casel: Ifa>0,#1

Then given equation can be simplified as
2/log .x+1/log .x+3/2+log.x=0
Putting log . x =y, we get

2(1+y) (2+y)+y(2+y)+3y(1+y)=0
= 6y?+1ly+4=0=>y=-4/3and-1/2
=>log.x=-4/3andlog.x=-1/2

= x=a%*3andx = a'l/2

Case II: If a = 1 then equation becomes
2logx1+logy1+ 3logyl==61logysl =0
Whichistruevx>0,#1

Hence solutionisifa=1,x>0,#1

Ifa>0,#1;x=al/2a#43

Sol 5.
V26-15v3
Letx=—————+
5v2-/38+5V3
26—15+3
=> X2 =
50+38+5v3-10v76+10+3
2 26—15+3
=X =
88 + 5v3-10+v/71+1+10+3
26-15+3
=>x2 =
2
88+5v3-10 [(5v3) +(1)2x 5v3 x 1
2 26—153
=X =
88+5v3-10 [(5+v3+1)"
26-15V3 2 26—15V3 26-15V3  26-15V3
=x2 = =

= => X = = =
88+5v3-10(5v3+1) 88+5v3-504/3-10 78-45V3 3(26—15v3)

1 . .
=/§, which is rational number.
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Sol 6.

X4y =2x20=2x2 - 2x+1+y° 21

= (x— 1)’ + y* 2 1 which represents the boundary and exterior region
of the circle with Centre at (1, 0)

And radius as 1. For 3x —y £ 12, the corresponding equation is 3x —y =

12; any two points on it can be

taken as (4, 0), (2, -6); Also putting (0, 0) in given in equation, 0 <12

which true.

~.given in equation represents that half plane region of line 3x —y = 12 which contains origin.

For y < x, the corresponding equation y = x has any two points on it as (0, 0) and (1, 1). Also putting (2, 1)
In the given in equation, we get 1 < 2 which is true, so y < x represents that half plane which contains the
points (2, 1).y 2 0 represents upper half Cartesian plane.

Combining all we find the solution set as shaded region in the graph.

Sol 7.

There are two parts of this question
(5x—1) < (x+ 1)>and (x + 1)*and (x + 1)> < (7x — 3) Taking first part

(5x—1)<(x+1)’=5x-1<x2+2x+1 - = o
+ 4'-[‘ g +; (using wavy method)

=2>x2-3x4+2>0=2>x%-1)(x-2)>0
=>x<lorx>2 .............. (1)

Taking second part

(x+1)°<(7x-3)=>x2-5x+4<0 + + ' : _

0 (using wavy method}
=>(x-1)(x-4)<0 —eoa ] 4 +oa o
SIKX<A . (2)

Combining (1) and (2) [taking common solution], we get 2 < x < 4 but x is an integer therefore x = 3.
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Sol 8.

“a, B are therootsof X2+ px+q=0

~atp=-p, af=q

~y,6aretherootsofx2+rx+s=0

~y+86=-1,y6=s

Now, (a-y) (a-8) (B-v) (B-9)

=[2-(y+8) a+yd][B2-(y+8) B+
=a2+ra+s]|[Bz+rf+s] [vo Barerootsofx2+px+q=0
~o2+pa+q=0andpz+pp+q=0]
=[r-p)a+t(s-q][(r-p)B+(s-9)]
=@-p)?aB+T-p)(s-q (a+p)+(s-q)?
=q(r-p)?-pr-p)(s-q +(s-q)?

Now if the equations x2 + px + q =0 and x2 + r x + s = 0 have a common root say «, then a? + pa +
gq=0andaz+ra+s=0

= a’/ps-qr=a/q-s=1/r-p
Sa2=ps-qr/r-panda=q-s/r-p

= (q-:s) 2= (r-p) (ps - qr) which is the required condition.
Sol 9.

We know that for sidesa, b, cofa A

(a-b)2=0

=>az+b2>2ab ... (D
Similarly b2+ c2>=2bc ................ 2
CZ+az>=2ca e 3)

Adding the three in equations, we get
2(@2+ b2+ c2)>2(ab+bc+ca)
>a’?+b2+c2=ab+bc+ca
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Adding 2 (ab + b ¢ + ca) to both sides, we get

(@a+b+c)2=3(@b+bc+ca)

Or3(@ab+bc+ca)<(a+b+c)z ........... A
Also c<a+b (triangle inequality)
>cZ<ac+bc .. (4)
Similarlyb2<ab+bc .............. (5)
a?2<ab+ca = . (6)

Adding (4), (5) and (6), we getaZz + b2 + c2< 2(ab+ b c + ca)
Adding 2 (ab + b c + ca) to both sides, we get
>(a+b+c)2<4(ab+bc+ca).......... (B)

Combining (A) and (B), we get
3@ab+bc+ca)<(a+b+c)2<4(ab+bc+ca)

First two expressions will be equal fora=b =c.

Sol 10.

Given that n* < 10" for n for a fixed + ve integer n >2.

To prove that (n +1)*, 10" **

Proof: Since n*< 10" = 10n*< 10™** ... .. ... . ... ... (1)
So it is sufficient to prove that (n + 1)* < 10n*

Now (n+1/n)*=(1+1/n)*< (1+1/2)*[*n=>2]

=81/16< 10

= (n+1)*<10n* (2)

From (1) and (2), (n +1)*<10"*?
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Sol 11.

_ | (x+1)(x-3)

R ==

y will take all real values if(x?# >0

By wavy method:-> - + - %

+ & O—8 -
=1 23

x€[-1,2)U[3, )
[2 is not included as it makes denominator zero, and hence y an undefined number.]

Sol 12.

The given equations are 3x + my —m = 0 and 2x — 5y — 20 = 0 Solving these equations by cross product

method, we get
x/-20m —5m =y/-2m + 60 = 1/-15 — 2m NOTE THIS STEP
=>x=25m/2m+ 15,y =2m-60/2m + 15

Forx>0=25m/2m+ 15> 0

>m<-15/2orm>0 ... (D
[using wavy method]:-> < oy ~ o + >
o St
=13 0
Fory>0=2(m-30)/2m+15=0 T X
=>m<-15/2 orm>
L 2 +
(2) < o - .
—ee -1 30

[using wavy method]:-> _

Combining (1) and (2), we get the common values of m as follows:
m < 15/2 orm >30 .. m € (-0, -15/2) U (30, )

Sol 13.

The given system is

X+2y+z=1 ... (1)

2x-3y-w=0

Multiplying eqn. (1) by (2) and subtracting from (2), we get
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7vy+2z+w=0=>w=-(7y + 22)
Now ify, z > 0, w < 0(not possible)
Ify=0,z=0thenx=1and w = 0.
~The only solutionis x=1,y=0,z=0,w =0.

Sol 14.

esinx—g-sinx— 4 =(

Letesinx =y then esinx=1/y

~ Equation becomes,y—1/y—-4=0

=y’ -4y-1=0

=>y=2+v52-5

Buty is real +ve number,
wy#2-V5=y=2++5

>esin*=2 +/5 = sinx = log. (2 + V5)
But 2 + V5 > e = log. (2 + V5) > logce
=log. (2 + V5) > 1 Hence, sinx > 1
Which is not possible .Given equation has no real solution.

Sol 15.

For any square can be at most 4, neighbours squares.

q
Let for a square having largest number d, p, g, r, s be written then Pldls
According to the question, I

p+qg+r+s=4d T T e o e e

SR S it e I T

=(d-p)+(d-qg)+(d-r)+(d—s)=0

Sum of four +ve numbers can be zero only if these are zero individually
~d-p=0=d—-q=d-r=d-s
= p=q=r=s= d

= all the numbers written are same. Hence Proved.
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Sol 16.

Let a, B be the roots of eq. ax’+bx+c=0
According to the question,

B=an

Alsoa+ 3 =-b/a;af =c/a
ap=c/a=>a.ar=c/a=a=(c/a)l/m+1
thena+B=-b/a=a+ ar=-b/a

Or (c/a) /n+1+ (c/a) v/n*'=-b/a
=a.(c/a)/"*t+a.(c/a)"" ' +b=0

ﬁan/n+1c1/n+1+a1/n+1cn/n+1+b=0

1/n+1 1/n+1

= (anc) + (can) + b =0 Hence proved.
Sol 17.

xX*—3x+2>0,x*—3x—4<0

= (x—=1) (x—2)>0and (x—4) (x+1) <0 :‘5‘1‘1_:_;

= x€(-0,1)U (2, ) and x € [-1, 4]

~ Common solutionis [-1, 1) U (2, 4)]

Sol 18.

The given equation is

5+2v8)" “+(5-2v8)" 1210 i (1)
Let (5+ 2\/6)"2'3 SY (2)

2_ x%-3
Then (5 — 2\/5)x - (_(5—2&)2(3;2\/8))

(R wsne

~The given equation (1) be becomesy + 1/y = 10

=y’ —10y+1=0
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=y =10+V100-4/2 = 10 + 46,2
=>y-5+2V60r5-2V6

Considery =5+ 2V6

2_
> (5+2v6)" = (5+2V6)
>x2-3=1=2x2=4=5x=+12
Again consider

y=5-2vV6=1/5+2V6 = (5 + 2V6)1

= (5+ 2\/6)’“2'3 =(5+2V6)1=>x2-3=-1
=>x2=2

= x = + v/2 Hence the solution are 2, -2, V2, -V2.
Sol 19.

The given equation is,

X*—2a|x-al|-33a’=0

Here two cases are possible

Casel: x—a>0then|x—a|=x-a

~ Eq. Becomes

X*=2a(x—a)-3a’=0

Or x*—2ax—a’=0= x=2a+ Vaa’*+4a*/2
>x=a+av2

Casell: x—a<O0then [x—a| =-(x—a)

~ Eq. becomes

X*+2a(x—a)—3a’=0

Orx* +2ax—5a’=0

= x =-2a + V4a? + 20a2/2 = x = -2a + 2aV6/2

x = -a + aVv6 Thus the solution set is {a + aV2, -a + aV/6}
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Sol 20.

We are given 2x/2x? + 5x + 2> 1/x + 1
= 2%/2x2 + 5x +2-1/x+ 1> 0

= 2x2 4 2x - 2x2 - 5x - 2/ (2x2 + 5x + 2) (x + 1) > 0

=-3x-2/ (2x+ 1) (x+ 1) (x+2) >0

> @Bx+2)/(x+1) (x+2)(2x+1)<0

S (Bx+2) (x+1) (x+2) (2x+ 1)/ (x+1)2 (x+2)2 (2x+ 1)2< 0
SEx+2)E+FDE+2D)RX+1)<0 e )

NOTE THIS STEP: Critical pts. Are x =-2/3, -1, -2, -1/2 on number line

Clearly Inequality (1) holds for,
Xx€(-2,-1)U(-2/3,-1/2) [asx #-2,-1,-2/3,-1/2]

Sol 21.

We are given that oy, a2 are the roots of
ax?2+bx+c=0

s+ oz=-b/a;uoe=c/a ...l D
And B4, B2 are theroots of px2 + qx+1r=20

S Bi+Be=-q/p;B1Be=1r/p (2)
The system of equations, 1 y + a2 z=0

And B1y + B2z = 0 has a non trivial solution.

~we must have |a1 B1 az B2| =0

NOTE THIS STEP:

SaBz-azBr=0=01/ 2= P1/B2

By componendo and dividend, we get

o1+ o/ o - 02 = B1+ B2/ P1- B2
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= (a1 + a2) (B1-B2) = (a1 - az) (B1 + B2)
= (a1 + az)? [(B1 - B2)? - 4B1 B2]

= [(a1 + a2)? - 4 c10xz] (B1 + B2)?

Using equations (1) and (2) we get

bz /a2 [q?/p? - 4r/p] = q*/p? [b?/a? - 4c/a]

= b2q? /a2 p2 - 4b?r/a?r = q2b?2/q? a% - 4cq?/ap? = -4b2r/a? p = -4cq?/ap? = b?r/a = sq2/p = b2/q?
= ac/p r Hence Proved

Sol 22.

The Given equation is,
[x2+4x+3|+2x+5=0

Now there can be two cases.
Casel:x24+4x+3=20=>x+1) (x+3)=0
=2Xx€(-00,-3]U[-1,0) ...l (D
Then given equation becomes,
=>x24+6x+8=0
>x+4)(x+2)=0=>x=-4,-2

But x = -2 does not satisfy (i), hence rejected
~ X = -4 is the sol.

Casell: x2+4x+3<0
=>x+1)x+3)<0

=>x€(-3,-1) (i)
Then given equation becomes,
-(x2+4x+3)+2x+5=0
=>-x2-2x+2=0=>x24+2x-2=0
>x=-2+V4+8/2=>x=-1++3,-1-V3

Out of which x = -1 - V3 is sol. Combining the two cases we get the solutions of given equation as
x=-4,-1-/3.

Educational Material Downloaded from http://www.evidyarthi.in/
Get CBSE Notes, Video Tutorials, Test Papers & Sample Papers



& eVidyarthi

FREE Education

Sol 23.

Given that for a, b, c € R, ax2 + bx + ¢ = 0 has two real roots a and f3, where a < -1 and 13 > 1. There

may be two cases depending upon value of a, as shown below. yeaxthre

In each of cases (i) and (ii) of (-1) <0 and of (1) <0

=a(a—-b+c)<0anda(a+b+c)<0

Dividing by a* (>0), we get

1-b/a+c/a<0 / S \-m"-:m-n
................................ (1)

And1l+b/a+c/a<0 (2)

Combining (1) and (2) we get
1+ |2| +S<0or1+<+ |2| < 0 Hence Proved.
a a a a

Sol 24.

The given equation is,

20 - [2y-1-1] =2v-1+1

On the basis of absolute values involved here (|y| and | 2v-1 - 1), there are two critical pts 0 and 1.
So we shall consider three cases, when y lies in three different intervals namely (- oo, 0), [0, 1],
(1,00)

Case I: y€ (- 0, 0) then

ly| =-yand |2y1-1| =1-2y-1

~The given equation becomes

2y -1+ 2y-1=2y-141

=22v=2=y=-1€(-x,0)

Casell:y €0, 1]

Ify=0wegetl-|1/2-1|=1/2+1

1-1/2=1/2+1 (notsatisfied)
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~y=0isnotasoln

fy=1weget2-|20-1|=20+1

= 2=2 (satisfied)

~y=1lisasoln

Ifye(0,1) then|y|=yand|2v-1-1|=1-2y1

~the eq. " becomes

2y-1+2v-1+1=2v=12

>y=1¢(0,1)

~y =1is the only sol nin this case.

Caselll: y € (1, )

Then |y| =1, |2v-1-1|=2y-1-1

The given eq. "becomes, 2y - 2y-14+1=2y-141
=>2y-2vy=0

Which is satisfied for all real values of y buty € (1, o)
~ (1, ) is the sol n in this case.

Combining all the cases, we get the solnasy € {1} U [1, oo]

Sol 25.

aZ=p2+sib2=(1-p)2+q?

2=(1-q2+(1-r)za%=r2+(1-5s)?2
cat+b2+c+d2={p?+(1+p)+{*-A-q2}+{r2}+(A-r) 2} +{s2+ (1-5) 2%}
Where p, q, 1, s all vary in the interval [0, 1].

Now consider the function

y2=x2+(1-x)20<x<1,

2ydy/dx=2x-2(1-x)=0

= x =1/2whichd?y/dx? =4 i.e. +ve

Hence y is minimum at x = 1/2 and it’s minimum
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Valueis1/4+1/4=1/2

Clearly value is maximum at the end pts which is 1.

~ Minimum value ofa2 + b2+ c2+d2=1/2+1/2+1/2+1/2=2
And maximum valueis 1 +1 + 1 + 1 = 4. Hence proved.
ALTERNATE SOLUTION:

X2+y?<(x+y)2<1if x+y=1
Herex=p,y=1-p-«x+y=1
caz+b2+cz2+d2<1+1+1+1=4
Againx2+y2=(x+y)2-2xy=1-2xy

NOTE THIS STEP: . Minimum of (x2 4+ y2) = 1 - 2(maximum of xy).

Now we know that product of two quantities xy is maximum when the quantities are equal
provided their sum is constant.

Herex+y=p+1-p=1=constant.

~Xy is maximum when x/1 =y/1 =x+y/2=1/2
~x=1/2,y=1/2

Minimumof x2+y2=1-2.1/2.1/2=1-1/2=1/2
~ Minimum value of
az+b2+c2+d2=1/2+1/2+1/2+1/2=2
~2<az+ b2+ c2+d2<4.

Sol 26.

We know that,

(a-B)2=[(a+8)-(B+8)]?

= (a+B)2-4aB=(x+86+p+8)2-4(a+8)(B+9)

= b2/a? - 4c/a = B2/A? - 4C/A = 4ac - b2/a? = 4AC - B2/A?
[Hence a +8 = -b/a, a B = c/a

(a+6)(B+98)=-B/Aand (a+ &) (B + 8) = C/A] Hence proved.
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Sol 27.

a+pB=-b/a,af =c/a

Roots if the equation a3 x3 + abcx + ¢3 =0 are

x = - abc + V (abc) 2 - 4a3 ¢3/2a3

= (-b/a) (c/a) £V (b/a) 2 (c/a) 2 - 4(c/a) */ 2

(@+B) (aB) £V (a+B)2(ap)2-4(ap)3/2

=(@B) ((a+P)+V(a-p)2/2

= (ap) ((a+B) £ (a-B)/2=a?p, ap?

Lety and 6 be the required roots. Then
y=a2Band 6 = «a 2

ALTERNATE SOLUTION:

ax? + bx 4+ ¢ = 0 has roots a and 3. (given)
=2a+pf=-b/aandafB=c/a

Now, a3 x2 + abcx + 3= 0

Divides the equation by c?, we get

a3 /c2x%+ abex/c2+ c3/c2=0,a (ax/c) 2+ b (ax/c)+c=0
= ax/c = q,  are the roots

= x=c/aq, c/af are the roots
=>x=af a af P arethe roots

=X a? 3, a 2 are the roots

ALTERNATE SOLUTION:

Divide the equation by a3, we get

x2+b/a.c/a.x+ (c/a)3=0

=2x2-(a+B)(aB)x+ (af)3=0=2>x2-a2Bx-af2x+ (af)3=0
=2>x(x-2B)-afz2x-az2Bf)=0=>x-az2B) (x-af2)=0

= x = a? 3, a 2 which is the required answer.
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Sol 28.

The given equation is,

x2+(@-b)x+(1-a-b)=0

a, b € R For the eq. " to have unequal real roots Vb D >0
=>(a-b)2-4(1-a-b)>0
>a2+b2-2ab-4+4a+4b>0

=>b2+b(4-2a)+a2+4a-4>0

Which is a quadratic expression in b, and it will be true vV b € R if discriminant of above of above

eq. n less than zero.
ie,(4-2a)2-4(az2+4a-4)<0
=>(2-a)2-(a2+4a-4)<0
>4-4a+a?-at-4a+a<o0
=>-8a+8<0=> a>1

Sol 29.

Given that a, b, c are positive real numbers. To prove that (a+ 1)7 (b + 1)7 (c + 1)7 > 77 a* b* c*

Consider L.H.S.=(1+7)”. (1 +b)”. (14+c¢)7

=[1+a)(@+b)(1+0)]”
[1+a+b+c+ab+bc+ca+abc]?>[a+b+c+ab+bc+ca+abc]?

Now we know that AM > GM using it for + ve no’s a, b, ¢, ab, bc, ca and abc, we get
=>(a+b+c+ab+bc+ca+abc)?7>77(a*b*ct)a

From (1) and (2), we get

[(l+a)(1+Db)(1+c)]”>77a*b*c*

Hence proved.
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Sol 30.

Roots of x2-10cx-11d=0areaandb
=>a+b=10candab=-11d

Similarly c and d are the roots of x2 - 10ax - 11b =10
=c+d=10aandcd =-11b
=>a+b+c+d=10(a+c)andabcd =121 bd
=>b+d=9(a+c)andac=121

Alsowe havea2-10ac-11d=0and c2-10ac-11b=0
=az+c2-20ac-11(b+d)=0
>(@+c)2-22x121-99(@a+c)=0
=>a+c=121o0r-22

Fora+c=-22,wegeta=c

-~ rejecting this value we have a + c =121

~a+b+c+d=10(a+0c)
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