
Sl. No. 402 
C. S. (MAIN) EXAM, 2009 

C- DTN-J-NUA 

MATHEMATICS 

Paper-I 

I Time Allowed Three Hours I I Maximum Marks 300 I 

INSTRUCTIONS 

Each question is printed both in Hindi and 
in English. 

Answers must be written in the medium 
specified in the Admission Certificate issued 
to you, which must be stated clearly on the 
cover of the answer-book in the space 
provided for the purpose. No marks will be 
given for the answers written in a medium 
other than that specified in the Admission 
Ce rtifi.ca te. 

Candidates should attempt Question Nos. 1 
and 5 which are compulsory~ and any three 
of the remainin g questions selecting at least 
one question from each Section. 

The number of marks carried by each 
question is indicated at the end of the 
question. 

Assume suitable data if considered necessary 
and indicate the same clearly. 

Symbols/ notations carry their usual 
meanings_, unless otherwise indicated. 
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Section-A 

1. Attempt any five of the following 

(a) Find a H er mitian and a skew-H ermitian 
matrix each \.vhose sum is the matrix 

2i 3 -1 

1 2 +3i 2 

-i+l 4 Si 

(b) Prove that the set V of the vectors 
(x1, x 2 , x 3 , x 4 ) in lR 4 w h ich satisfy the 

equations x 1 + x 2 + 2x3 + x 4 = 0 and 
2x1 -r 3x2 - x 3 + x 4 = 0, is a subspace 
of IR 4 . What is the dimension of this 

12 

subspace? Find one of its bases. 12 

(c) Suppose that f" is continuous on [1, 2] 
and that f has three zeroes in the 
interval (1, 2). Show that f" has at least 
one zero in the interval (1, 2). 12 

(d) If f is the derivative of some function 
defmed on [a, b), p rove that there exists 
a number 11 E [a, b], such that 

J: f(t) dt = f(l1)(b- a) 

(c) A line is dra\.vn through a variable point 
. x2 y2 

on the elhpse - + - = 1, z = 0 to meet 
a2 b2 

two fixed lines y = mx, z = c and y = -mx, 

12 

z = -c. Find the locus of the line. 12 
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{"Cfl) ~ ~fifil 3ln: ~ ~q1"1-~ftilt 3i1CX{5 1"1(~q 
ch)~Q\, ~~Cfll <WT f?tqfBf@a 3iiCX{5 m 12 

2i 3 - 1 

1 2 +3i 2 

- i + 1 4 5i 

(1JJ) ~ ch)~Q\ ~ 1R4 it e~~n (x1 , x 2 , x 3 , x 4 ) q;y 

-Q.m m v, ~ etflCf>(un xl + x2 + 2x3 + x4 = 0 

3ln: 2xl "T 3x2 - x3 + x4 = 0 em~ Cfl(dl m, 
4 ~ ~ 3qe101f2 %I ~ 3qftqfi! CfiT ~ 3ill"llq 

~? ~ffChl ~ 3lltm JTRf 4i'l~Q\ I 12 

( TT) l1R 81 ~ (!\ "fcf; ( 1 , 2) 'tR f " "ffirn ~ 3:fn: 3'i d (I <_;1 

( 1 , 2) -q f it> (fR ~ ~ 1 <:nf~Q\ "fcfi 3"1d(l<_;t 

(1, 2) -q f" q;y ~-"B-Cfill ~ ~ tl 12 

(-q) ~ r a, b 1 11( "Cfft'l11 ~ a fihm q;<:1 ~ Cf)T 3"1 q Ch<:1 "1 f 
t, m e1Rla cmN=tQ\ Ff; ~ ~ {1@1 11 e [a, bJ 
~ t , dlfch 

s: f(t} dt = f(ll)(b- a) 

x2 y2 
(s=) <!ls::f~:a - +- = 1 z = 0 q( ~ qftqdf ~ 

a2 b2 , 

-q -B ~ b?n c1 R:qa T.&Tm y = mx, z = c 
am y = -mx, z = -c ~ fif<:11~ ~ ~ @-eft 

~ ~ I 3B t&l $ Rfrsq~ cffi ~ ehlNl (!\I 

12 

12 
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(f) Find the equation of the sphere having 
its centre on the plane 4x- Sy- z = 3, 
and passing through the circle 

x 2 + y 2 
, z 2 

- 12x-3y + 4z + 8 = 0 

3x+4y-sz~3 =0 12 

2. (a) Let .7:1 = {(1, 1, 0), (1, 0, 1), (0, 1, 1}} and 
.~' = {(2, 1, 1), (1, 2, 1), (-1, 1, 1)} be the two 
ordered bases of lR 3 . Then find a matrix 
representing the linear transformation 
T: lR 3 ~ :R 3 "vhich transforms .5:?5' into 
.A'. Use this matrix representation to 
find T{X), where x = (2, 3, 1). 20 

(b) If x = 3 + 0 · 0 1 and y = 4 + 0 · 0 1, with 
approximately '\vhat accuracy can you 
calculate the polar coordinates r and 9 
of the point P(x, y)? Express your 
estimates as percentage changes of 
the values that r and e have at the 
point (3, 4). 20 

(c) Find a 2 x 2 real matrix A which is both 
orthogonal and skew-symmetric. Can 
there exist a 3 x 3 real matrix which is 
both orthogonal and skew-symmetric? 
Justify your answer. 20 

3. {a} Let L: .R 4 ~ IR 3 be a linear transfor

mation defined by 
L((x1, x 2 , x 3 , x 4 )) 

= (x3 +x4 -xi -x2. x3 -x2, x4 -xi) 

Then find the rank and nullity of L. 
Also, determine null space and range 
space of L. 20 
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(-:;:r) ~ ~ J0~Cf) CfiT fts:f)Cf){UJ ~ c:f))~C(, RifiCf)J ~ 

fil1d(1 4x-5y-z=3 "tR m ~ ~ 'Vf 
x 2 +y 2 +z2 -12x-3y+4z+8 =0 

3x+4y-5z+3 =0 

-q-a~wrmt 12 

2 . (q:;) ~-f1~C( .9i = {(1, 1, 0), (1, 0, 1), (0, 1, 1)} 3fn: 
.5!i, = {(2, 1, 1), (1, 2, 1), (-1, 1, 1)} (!) Sf)~d 

-3llqr{ ~ IR 3 ~ I ~ ~ 3i I Ol!i.6 cfiT 101 k'i.~ chl Nl l;, 
~ ~ ~ i:fuiCfl {'3\qjd{OI T: IR3 ~ IR3 CfiT 

R {C\q01 Cfl{d 1 m ~ .91 Cf>T .9.1 , 1t {C\q i d rtd Cfl( ~ 1 

~ 3i I 0!{,~ f?i ~q a I q;-r T( X) CfiT m<l CfiG ~ ffi"Q\ 
~:R't1011~ ch'I~C(, liii~j X = (2, 3, 1) en I 20 

("t9) ~ x=3 + 0-0l ~ y=4±0·01 m, oT mq 

~ P(x, y) ~ ~ R~~liChl r 3fR 9 cnr ~ 
fchd;fl qf(~4&dl * m~ qf{q:;(1:t Cfi\ BChd ~? 3ntJ 

31CR Sll a:i (1 ;f1 Cfi1 :H m:ft ~ Sl fd ~I ct d I q ftcc d ;(I ~ 
~ ~ O<:fUi 41~~:;, ~ ~ (3, 4) 'tf{ r 3ffi: 9 ~ 

m1 20 

(TT) ~ ~ 2 X 2 CflfdfciCfi 30110\!(6 A Cf>T 1011~4 ch)~C(, 
~ (?11 fk4 Cf) ~ Fct ~ lOI- fi q 111 a crr:n -m , CRff ~ 

3 x 3 Cflfdfc!Cfl -3110!{,6 -m m flCf)dl "%, ~ (?ilf"ktCfl 

3fn: f41:4l01 filOJMd ir.:fT en? ~ ~ ~ q~ ~ 
~ct18 "W ch1~C( I 20 

3. (q:;) ffi~C( L : IR 4 -~JR. 3 ~ ~ 'tn.9Cfi 'E3'qia{ol "%, 

~ 

= (x3 + x4 - xl - x2, x3 - x2, x4 - xl) 

"B "4ft'"JI fq d en I OCf L cfit Chlf2 3fu ~l -4 d I ciT 101 I~~ 
chl~C( I m~ 1:fi L cfit ~ fl101f2 a:fR qf(fl{ fllOlfi! 

cnr m frtqhur 4i'l ~ C( 1 
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(b) Let f : R 2 ~ 1R be defined as 

xy 

f(.x, y) = ~x2 + y2 , 

0 

if (x, y) 7/:. (0, 0) 

if (x, y) = (0, 0) 

Is f continuous at (0, 0)? Compute 
partial derivatives off at any point (x, y), 
if exist. 20 

(c) A space pro be in the shape of the 
ellipsoid 4x 2 + y 2 + 4z2 = 16 enters the 

earth's atmosphere and its surface 
begins to heat. After one hour, the 
temperature at the point (x, y, z) on the 
pro be surface is given by 

') 

T(x, y, z) = Bx- +4yz-16z+600 

Find the hottest point on the probe 
surface. 20 

4. (a) Prove that the set V of all 3 x 3 real 
symmetric matrices forms a linear 
subspace of the space of all 3 x 3 real 
matrices. What is the dimension of this 
subspace? Find at least one of the bases 
for V. 20 

(b) Evaluate 

I= JJ xdydz-r dzcL~ + xz 2 dxdy 
s 

'\vhere S is the outer side of the part of 
lhe sphere x 2 + y 2 + z 2 = 1 in the first 
octant. 
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("&) dl~o.: f : 1R 2 ~ 1R f.:lqkif&a ~ ~ ~ 

~~: 

xy ~ (x, y) =;:. (0, 0} 
f(x, y) = ~ x2 + y2 ' 

0 ~ (x, y) = (0, 0) 

qm (0, 0) "G1: f ~ t? fch(fl ~ (x, y) ~ f 
~ ~ i iliCfl ~qCfl~\lil 'CflT qft:Cfl~"i ch\~v.:, ~ 3"'1Cfll 

3iffdc:q m 1 20 

(TT) <:fttf~=ct'fit 4x2 + y 2 + 4z2 = 16 cfa 3ilflR1 CflT 

~ 3Ta"ft8.1 3i~ti4oi-<:TR ~~ ~ ccl~4s~ -if ~ 
Cfl(ctl t 3fn: 3BCfll ~ Tfli ~ ~'lctl t I ~ tR ~ 
GnG, 3i~ti4UI-<n:f ~ ~ -q{ ~ (x, y, z) "tR "ffill 

T(x, y, z) = 8x2 +4yz-16z+600 

WU C!U t I 3i~t40I-<rR ~ lfB "G1: ~ ~ 1~1 TTif 
~ ~ ch'l~V.: I 20 

4. (Cfi) ~ cfit~~ "fcF; ~ 3 X 3 C:C ~~~Cfl Bl4ftld 3i1CX(~ 
~ m V, "fNt 3 X 3 C:Cif<ifc{Cfl 3'il01!(~ ~ B4~ Cf>T 

1:fGCfl 3qf14~ ~"ild i I ~ 3q{iq~ Cfll 3"ill"lN Cfm 

t? v ~ ~ ~-"B-Cfili ~ -31Tt:m: -mer <hl~~~ 20 

("&) I= JJ xdydz+ dzdx + xz2 dxdy Cf>T ~iCfl=i 
s 

ch)~~' \Jl~j S ~ 3"if!i~ICfl ~ 1f'k1Cfl 

x 2 + y 2 + z 2 = 1 ~ 'mTT Cfi1 ~I~() ~ 1?f I 2 0 
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(c) Prove that the normals from the point 
x2 y2 

(a, f3, y) to the paraboloid - +- = 2z 
a2 b2 

lie on the cone 

a 
x-a 

Section-B 

5. Attempt any five of the follo'\v1ng 

(a) A body 1s describing an ellipse of 
eccentricity e under the ac lion of a 
central force directed to'\vards a focus 
and '\Vhen at the nearer apse, the centre 
of force is transferred to the other focus. 
Find the eccentricity of the nc\v orbit in 
terms of the eccentricity of the original 

20 

orbit. 12 

(b) Find the Wronskian of the set of 
functions 

on the interval [-1, 1) and determine 
'\\lhcther the set is linearly dependent on 
(-1,1]. 12 

(c) A uniform rod AB 1s movable about a 
hinge at A and rests '\Vith one end in 
contact with a smooth vertical '"'all. If 
the rod is inclined at an angle of 30° 
"vith the horizontal, find the reaction at 
the hinge m magnitude and direction. 12 
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s. RL=ifBfGa -lt ~ fcn .. eff 'Qfu ~ ~ <!l~v.: : 

(en) cir{ m fcRfi :rrR:r cF.t 31R R: Ria ~ etr!.\4 ~ 
cfil f5h4 I ~ 3ltfr::f 3c4:l~ dl e ~ ~ cfl c:f <:;! d c;r-:n WT 

~ 3fu ~ ~ "tfTB cfiT ~ l:R irnT t' (fGf GfR 

Cf1l ~ ~ -;rrN ~ ~Hidf{(1 m ~ i I ~ cn&n 

~ 3~ .. ~<11 <:fil ~ q,~ cfiT 3c4:l .. ~o1 ~ ~ ~ m<r 

20 

ch1Nicu 12 

("&) 3id{l('1 (- 1' 11 "tf{ q)("i"i"'i ~ m {3x3 , 13x 3 1} 

Cf;1 {l tchl4 m<f <h) Nil( 3ffi RuRur ch) ~ \!; fcF; CFIT 

-m, r-1. 11 l:R "tfuiCf>d = -R..n: ~ ~~ -;r~ ~ 1 12 

(11) ~ C{Cf>fi4H '3~ AB, ~ A 'q'"{ ~ if; ~~fire! 

lfffi~nfl ~ 3ffi 3f!Chr ~ fi:m ~ ~Cf)~ "31t:cri-cR 

C!1ctl( ~ f!Ulcf; ~ frCfiT "§31T t I ~ ~ f~ ~ 

"Bm 30° ~ cnluT "tR ~ m. ill~ q{ s:~Rtfsh4r 
en) qf{qror ~ fun it mrr c#1H~l!> 1 12 
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(d) A shot frred with a velocity V at an 
elevation a strikes a point P 1n a 
h orizontal plane thr:ough the point of 
projection. If the point P 1s receding 
from the gun with velocity v, show that 
the elevation must be changed to 8, 
where 

· 28 · 2 2 v · 8 s1n = s1n a+ -s1n v 

(e) Show that 

div (grad rn) = n(n + 1)rn - 2 

{f) Find the directional derivative of-

(i) 4xz3 - 3x2 y 2 z 2 at (2, -1, 2) along 

z-ax1s; 

(ii) x 2 yz+4xz2 at (1,-2,1) 1n the 
A .... A 

12 

12 

direction of 2i - j- 2k. 6-6 

6. (a) Find the differ ential equation of the 
family of circles in the .xy-plane passing 
through (-1, 1) and (1, 1). 20 

(b) Find the inverse Laplace transform of 

F (s) = ln( s + 1 ) 
s + 5 l 20 

{c) Solve : 20 

dy - y2 (x- y) y(O) = 1 
dx 3xy 2 - x 2 y- 4y 3 ' 
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(tr) ~ V ~ "Bm 3fR: 3~di:tt a 'q{ ~ ~ ~' 
>f~ ~ ~ ~ "B !!~Rffi S{ ~ ~4<1(.'1 ~ 
~ P '1\ em: Cf>{d) ~I <".fR ~ P ~~q; B ~ v 

~ ~ ~ ~ ~ UTI m, oT G~ll~QO fcf; 3~di9t Cf>1 
8 ll qf{qfdct Cf)('11 311C(~4Cf) ~' ~ 

· 29 · 2 2 v · 8 s1n = s1n a+ -s1n v 

(s) G~lf~ct fcn 

div (grad rn) = n(n + l)rn - 2 

{i) z-31~ ~ ~-m~ 

4.xz3 - 3x2 y 2 z 2 CfiT 

(2, -1, 2) '1\ 

(ii} 2i-] -2k <€t ~ ~ (1, -2, 1) 1R 

x 2 yz+4xz2 CfiT 

6. (en) (-1, 1) 3ffi (1, 1) it -B !!~Rd ~ xy-84<1(.1 1l 

12 

12 

6+6 

~-~ ~ 31C(Cf>cl ~tf)Cf)(OJ enl ~ ch)~QO I 20 

(~) F (s) = ln( 5 ,.. 
1) CfiT S~rn<:ftq (.1 tt<:11~ {':'\q 1 <'H ~ 

s+S 

cht~Q< I 20 

(Tf) ~ cht~QO< : 20 

dy _ y 2 (x - y} . 
-- y(O) = 1 
dx 3xy2 - x2y- 4y3' 
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7. {a) One end of a light elastic string of 
natural length l and modulus of 
elasticity 2mg is attached to a flxed point 
0 and the other end to a particle of 
mass m. The particle initially held at 
rest at 0 is let fall. Find the greatest 
extension of the string during the 
motion and show that the particle will 
reac h 0 again after a ti1ne 

(n +2- tan- 1 2)~ 

(bJ A particle is projected with velocity V 
from the cusp of a smooth inverted 
cycloid down the arc. Show that the 
time of reaching the vertex is 

2 ~cot -Ilr V J v9 2JQ9 

where a is the radius of the generating 
circle. 

(c) On a rigid 
... A A 

body, the forces 
A A A 

lO(i +2} "t 2k) N, 5(-2i - j -r 2k) N and 

6(2i + 2]- k) N are acting at points "vith 
- A .... ..... """ ..... 

position vectors i - j, 2L + 5k and 4i - k 

respectively. Reduce thts system to a 
~ - ... single forceR acting at the potnt (4i - 2j) 

l> 

together with a couple G whose axis 
passes through this point. Does the ... -

20 

10 

point (4i + 2j) lie on the central axis? 15 
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7. (Cfi) ~!fid Hk41~ l 3fu ~ !jtiliCfi 2mg cHfft ~ 
5ech) ~ 6Q lf!tr mtt q;y ~ fim Rli o ~ o q{ ~ 

&311 ~ 3fR ~ fuu $\<5<qJOil4 m ~ ~ cnar ~ "ffi?..l 

~ ~ 1 ~ ~ 0 q{ RHIJOilcH~n ~ w ~ CfiUT "Cfi1 
fTr8 ~ ~ ~ I TTfu ~ <:~ (H sTfi "Cfil 31'fuctid q 

fcl~l( ~ 4i1~(( 3fR G~ll~(( fcf; CfiUT, ~ 

(n +2- tan- 1 2)~ 

~ ~, m ~ o q{ ~ "''C!!"' 

("&) ~ q~o1 ~fd("ifMd =q:;t;"f ~ ~ ~ ~ q:;tJJ "Cfi1 ~ 
v~ ~ ~ ~ ~ ~ 3111: >r~ fihl41 ~it 
G~lf~(( ~ ~ "(1Cf) ~ q;y ~ 

2 fE" cot- 1
( V J 

~g 2.j(ig 

(11) ~ ~ fu q-{ "3-=l ~311 q{ ~ 

1 O(i + 2) + 2k) N, 5(-2i-] + 2k) N 3-ih: 

6(2i +2)- k) N CfiT1f ~ ~ i, ~Hch) ~ 

BK~I Sh4~1: i-], 2i+Sk 3-fn: 4i-k: %1 ~ 
-+ 

RCfil~ cnl ~ Q\Ch("i ~ R q{ ~4HlH c:fi)~((, ~ 
"" ,. -+ 

~ (4i + 2j) 'tR ~ G ~ "ffi?~ cnr<f ~ WI tn, 
~BCfil 3l~l ~ ~ ~ aftq ~ !!~Rdl m I ~ ~ 
(4i +2]) Ch~li 31~ T.f( ~ i? 

20 

10 

15 
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(d) Find the length of an endless chain 
\.vhich will hang over a circular pulley of 
radius a so as to be in con tact with 
three-fourth of the circumference of the 
pulley. 15 

8. (a) Find the \.vork done 1n moVIng the 
particle once round the ellipse 
x2 y2 
- + - = 1, z = 0 under the field of force 
25 16 
given by 

-... " 
F = (2x - y + z) i 

2 A A 

-r(x-ry-z )j--(3x-2y-r4z)k 

(b) Using divergence theorem, evaluate 

~ 3" 3A 3" 
\.vhere A = x i + y· j + z k and S is the 

20 

surface of the sphere x 2 
-:- y 2 

-- z 2 = a 2
. 20 

(c) Find the value of 

ffs (v xF). ds 
taken over the upper portion of the 
surface x 2 ..,... y 2 - 2ax, az = 0 and the 

bounding curve lies in the plane z = 0, 
\.vhen 
~ 2 2 ") ~ 
F = (y T z - X- ) i 

+(z2 +x2 -y2))+(x2 +y2 _ 2 2)k 
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("Ef) ~ ~ mo~"i ~ cfil fit:<qt{ mo c:h'l~l!\, ~ 

~ 'l"'Q I a cfil ~ ~ fEH;ft lR ~ SICfi I{ filchl tWTI 
-Fcn ~ M {;ft "c:h'l" l:fftfu ~ <fR-~~ ~ fl J04 ch -q m 1 15 

8. (en) ~ ,. 
F = (2x-y+z)i 

+ (x + y- z 2
)] + (3x- 2y + 4z) k 

x2 y2 
IDU ~ ~-~ ~ ~ <!ltf~=a -+- = 1, 

25 16 
z = 0 ~ -:qffi 3111: Cf)Ol ~ ~ ~ ~ .q ~ 
~ ChT"<f Cf1T 4 I <i_ii c:h'i ~ ({ I 2 0 

-+ -. 
(&) 3i4ft{Uf ~ CfiT ~fd41('1 Cf;"@ ~ ffs A· dS CfiT 

"l1R RCfliR:iQ\, ~ A = x 3 i + y 3 ] + z 3 k m ~ 
S lfl(1Cf> x 2 + y 2 + z 2 = a 2 CfiT ~ m I 20 

(TT) ~ x 2 + y 2 -2a.x + az = 0 ~ a;q{) 1if1Tl:R ~ 

~ 3fn: {Oft 4Cfl CfSf) ~ ft q d (1 z = 0 .q f?"?.Rr ~ lR 

ffs (v x F). ds q:;r 11R mer <f.l~({, ~ 

F = (y 2 + z 2 - x 2 ) i 
+(z2 +x2 -y2}]+(x2 +y2 -z2)Jc 

* ** 

20 
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~-~-I 

1 ~~i'" , 300 1 

!lf4Ch !lH fl:;:dJ 3th ~ ~ ij fJW ~I 

!ff.if c1i ~ -;rrtt ~ .q ft;r& \5fR ;:om« f&tBq>J ~ 

301 N if; JJ J~1- rr::r if Pl>211 7TZlT ~. 3/R w rnvrrr cnr F11! 

~ 3rr<-!JRI'=h <i; pg- '[l! w 301T2na RRE! ~ w 
fCn 41 -;jfRT #If$« I JRw-TT:I r:n: 3@ fhrl 1JTUTil ~ 

30( ld f< fh ~ f4.,ifl rm:zrq ij Fc7& ~ 3U( r:n: cit-{ 3icn 

""fti fiiH1ll 

m t-a.:r:n 1 3frr s 3"!Ra74 ~ 1 41cn1 JlR1 i; it JINen 
&u:s it CfiTl-it -Cfi11 T[C1) m ~ ~ct>< Rn~iff ?ft::r JTRf ci; 

3U( 4JMQ I 

JJc4c:n m in ~ f?f;qa ~ >TN in 3Rt -q ~ ~ g 1 
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Note : English version of the Instructtons is 
printed on the front cover of this 
question paper. 
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