10 VECTOR ALGEBRA

3.

KEY CONCEPT INVOLVED

Vector — A vector is a quantity having both magnitude and direction, such as displacement, velocity,
force and acceleration.
AB is adirected line segment. It is a vector AB and its direction is from Ato B.
A >B
Initial Points — The point A where from the vector AB starts is known as initial point.
Terminal Point — The point B, where it ends is said to be the terminal point.
Magnitude — The distance between initial point and terminal point of a vector is the magnitude or length

of the vector AB. It is denoted by | AB | or AB.

Position Vector — Consider a point p (X, Y, z) in space. The vector OP with initial point, origin O and
terminal point P, is called the position vector of P.
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Types of Vectors

(i) ZeroVector Or Null Vector — A vector whose initial and terminal points coincide is known as zero
vector (O ).
(i) Unit Vector — A vector whose magnitude is unity is said to be unit vector. It is denoted as a so that
la| =1.
(iii) Co-initial Vectors—Two or more vectors having the same initial point are called co-initialvectors.

(iv) Collinear Vectors — If two or more vectors are parallel to the same line, such vectors are known as
collinear vectors.

(v) Equal Vectors — If two vectorsd and b have the same magnitude and direction regardless of the
positions of their initial points, such vectors are said to be equal i.e., a = b.
(vi) Negative of a vector — A vector whose magnitude is same as that of a given vector AB, but the

direction is opposite to that of it, is known as negative of vector AB i.e., BA =— AB
Sum of Vectors

(i) Sum of vectors @ and b let the vectors @ and b be so positioned that initial point of one coincides
with terminal point of the other. If & = AB, b = BC . Thenthe vector a + b is represented by the third
sideof AABC. i.e., AB + BC = AC (i)



This is known as the triangle law of vector addition.
Further AC =— CA

AB + BC =-CA o AB+BC+CA=0

when sides of a triangle ABC are taken in order i.e. initial and terminal points coincides. Then
AB+BC+CA=0

(i) Parallelogram law of vector addition— If the two vectorsd and b are represented by the two adjacent

sides OA and OB of a parallelogram OACB, then their suma + b is represented in magnitude

and direction by the diagonal OC of parallelogram through their common point O i.e., OA + OB = OC
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Multiplication of Vector by a Scalar — Let éabe the given vector and A be a scalar, then product of A and
a=na
() when A is+ve, then @ and Ad are in the same direction.
(ii) when A is—ve.then @ and 2. are in the opposite direction. Also [ &| = [A| [4].
Components of Vector — Let us take the points A (1, 0, 0), B (0, 1, 0) and C (0, 0, 1) on the coordinate axes
OX, OY and OZ respectively. Now, | OA| =1, |OB| =1and |OC| =1, Vectors OA, OB and OC each

having magnitude 1 is known as unit vector. These are denoted by i, ] and k.

Consider the vector OP , where P is the point (X, y, z). Now OQ, OR, OS are the projections of OP on
coordinates axes.

0Q=x,0R=y,0S=z . 00=xi, OR=yj , OS=zk
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- O =i, +yj, + 2k , |OP|=x?+y?+2% =|F|

X, Y, zare called the scalar components and Xi, ij , zk are called the vector components of vector OP .
7. \Vector joining two points— Let P, (x,, y;, ;) and P,(X,, ¥, Z,) be the two points. Then vector joining the

points P,and P, is PP, . Join P, P, with O. Now OP, = OP; + PP, (by triangle law)
¢ P, (X2 Y2, 25)
Py(Xy, Y1, 24)

PyP; = OF: - OF;
= (X2i+Y2]+22|2)—(X1i+Y1Aj+21|2) = (X, —Xy) i+ (Y2-Y1) ] +(2,-7) k
‘@‘ = \/(Xz _X1)2 +(Y, _y1)2 +(2, _21)2

8. Section Formula

PR m
(i) Alinesegment PQ isdivided bya point Rin theratiom : ninternallyi.e., R_Q s
o < o
P(®) R(T) Q(b)
If 5 and b are the position vectors of P and Q then the position vector ¥ of R is given by
F _ mB + na
 m+n

If R be the mid-point of PQ, then T = %

(i) when R divides PQ externally,i.e., |a||-b|f

U o— ®
P () Q (b) R(T)
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Then r=

Projection of vector along a directed line — Let the vector AB makesan angle © with directed line .

Projection of ABon ¢ = |K|§| cosf = AC = p.

AB. Theangle 6 between AB and AC is given by

AB-AC - AB-AC
0=—— Now projection AC= |AB| cos = ——
|AB|[AC| proj | AB] AC|
AC 4
=AB- If AB =3, then A P l_z5
('AC'J’ B then AC=3-{ 15} )= 3P

(b)) .-
Thus, the projectionof 4 on b = @ - (le ab

Scalar Product of Two Vectors (Dot Product) — Scalar Product of two vectors 5 and b is defined as
b=d||b]|cos ©
Where g isthe angle between g and b (0<6 <)

(i) when ¢ =0, then @-b = ||‘5 ab Also d-d = [d] [d] =aa=a’
=] j=kk=1
(ii) Whenﬁ—g thend-b=|a||b|cos = =0

Vector Product of two Vectors (Cross Product) — The vector product of two non-zero vectors 3 and b,

denoted by axb is defined as
axb =|a||b|sin 6-n , where @ istheangle between 3 and b, 0<0<n .

Unit vector A is perpendicular to both vectors 4 and b such that a-b and A form a right handed
orthogonal system.
() If 9=0,then axb=0, ..axda=0

=0

and - |><|—j><j— x k

(i) 1f 9=11/,,then axb=|a| b|A
ixj=k Jx|2=', =]
Also, j><| —k, kxj

=i and ;><|2=j



CONNECTING CONCEPTS

1. Direction Cosines—Let OX, QOY, OZ be the positive coordinate axes, P (X, Y, z) by any point in the space.
Let OP makesangles a, B,y with coordinate, axes OX, OY, OZ. Theangle a, B, y are known as direction
angles, cosneof theseanglesi.e.,

z
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Ccos a, C0s B, cos vy are called direction cosines of line OP. these direction cosines are denoted by ¢, m, n

i.e., / =c0sa, m=cosp,Nn=cosy
2. Relation Between, I, m, nand Direction Ratios—

The perpendiculars PA, PB, PC are drawn on coordinate axes OX, OY, OZ reprectively. Let|OP |=r
X
In AOAP, £ A=90° cosa = ?=€, s X=/r, In AOBP. £B=90° cosp = Yom - y=mr
r

z
In AOCP, £C=90°, cosY:?=n, soz=nr

Thus the coordinates of P may b expressed as (£ r, mr, nr)

Also, OP2=x2+y2+ 22, 12=(Ir)2+ (mr)2+ (nr)2 = (2+m2+n2=1

Set of any there numbers, which are proportional to direction cosines are called direction ratio of the
vactor. Direction ratio are denoted by a, band c.

The numbers ¢ r mr and nr, proportional to the direction cosines, hence, theyare also direction ratios of

vector OP .
3. Properties of Vector Addition —

1. For two vectors a,b the sum iscommutativei.e., a+b="b + a
2. For three vectors 3,b and ¢, the sum of vectors is associative i.e.,
(G+b)+c=a+(b+c)
4. Additive Inverse of Vector 3 — Ifthere exists vector — 3 such that 3+ (-&) =d—a = 0 then— a iscalled
the additure inverse of a
5. Some Properties— Let a=a1f+a2]+asl2 and b = bli + bZ] +b3I2
() a+b=(ayi+ay]j+agk)+ (b i+hyj+byk) =(a,+b) i+ (@+by) ]+ (a,+by k
(i) a=bor(a,i+a,j+ask)=(bi+b,j+byk) = a,=b,a,=b,a,=h,
(i) A=A (ai+ay]+ask) = (Aa,)i + (hay) ]+ (hag)k

(iv) a and b are parallel, if and only if there exists a non zero scalar % such that b =4



ie, blit+b,j+bik=%(ai+a,]+agk) = (hay)i+ (ha,)]+ (hag)k

b1=7ua1, ,b2:7\4a2, b3:7\4a3 .'.ﬁzb—zzb—szk
a a, ds

6. Properties of scalar product of two vectors (Dot Product)
) cos o =20
lal|b]

If é:ali+a2]+a3|2and B=b1i+b2Aj+b3|2

Then, a-b=(a;i+a, j+ask) - (bi+b,j+byk), &-b=ab,+ab,+ab,

0 a-b a;by + a,b, +azb,

1 _ (224242 IR 2 . 12 2 = = =
a|=+aj+as+as,|b|=+/bf +b5+b .. COS

EY i+az+az,|b| 1 T 02 +03 b a2+a+al- /b12+b§+b§

(i) 3.p iscommutative i.e., d-b=

o

A
(iii) 1f aisascalar, then (0.d)-b =0 (3-b)=4-(a.b)

7. Properties of Vector Product of two Vectors (Cross Product) —
() (@1fa =0orb=0, then 3xb=0
(b) If &/ b, then axb =0
(i) & x b isnot commutative
i.e. axb=bxa,but axb=-hxa
(iii) If @ and b represent adjacent sides of a parallelogram, then itsarea|a x b |
(iv) If 3, b represent the adjacent sides of a triangle, then its area = %I axb]|
(v) Distributive property dx(b+c)=axb+axt
@) Ifabeascalar, then o (dxb) = (ad)xb=ax (ab)
(b) If &=ayi+a,j+ask, and b=b,i+b,j+bsk

i j Ok
Then, aXB = al a2 a3
by b, by

8. |Ifa, B, v are the direction angles of the vector g = (a1f+a2]+a3|2) . Then direction cosines of3 are
given as

3 ay a3
COSa:Ha COSB:H’ Cosy =

lal



9. Scalar Product of Two Vectors (Dot Product) — Scalar Product of two vectors & and b is defined as
a-b=|al |b| cos 0
where 0 is the angle between g and b (0 <0< g)
() When0=0,thena-b = [al |b| . Also .3 a-a=a2
ii=jj=kk=1

i) Wheno=—=,4-b = al |b| cosgzo

T
2





