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Taferita wenfufa o af=m

(Introduction to Three Dimensional Geometry)

** Mathematics is both the queen and the hand-maiden of
all sciences — E.T. BELL*®

11.1 95T (Introduction)

70 W €, for forelt qt o fre w foig a0t feafa frefon
% fau &9 39 9 ® 3 WER @9 @ iqesied st 9
Aifereh T T STerwashan eIt 81 37 Y@net & Fdumer oIk
3 T Oifok SRAl w1 el o6 Wy 39 fag o fRene
(coordinate) Ted €| ATEIerR Sita § AN ehealel Teh acl
¥ feord foigetl @ € Hoier T @ ST 1 SSIER0: SHafer
T Theh T T Tig &1 fafvy= w9g o feafq sremen e wom
¥ q@ A dF 9H dn A GgAE BT TH J
fafyre wom o feufa anfe, &1 ff STH 1 Sfewaehal gsdl 2| Leonhard Euler
‘ (1707-1783 A.D.)
T YR Tk S ] Bq § Tehd gL Th foed ded

1 f=relt ik St ©d o 9®@ hi w1 fearfa @1 fruaiRkor w0 o foe g 37 fagen
FI Y WER o arl 9 At 7 @ vaia T R afew sq fog w1, Fm ok w9
S, 1 ofl AEvIRd USdl B1 o1: €Y ohael & TEl sfeeh diF WER wifash aal o
e SRl i Fefua w3 o foe o gensti #1 savaeha e €, S fag
RO e SR @ A, a1 3 HI B U SE I K hidl &1 FH HI WER
o <R} qe SH &St 1 ® A WER iaesied S 9l qd 81 3 WER Siassied
FHT ol dell W oe A i o i Al i ged 39 g o e fdene a
o @ Trdonier sead €1 39 YR 3Tafiel (space) ¥ o wh g o oA Fdenss
T ¥ 39 1o | e fafardia sfafte o sanfafa &1 gty Saheu et w1 stemee i)
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218 T
112 frfadia sfafty # fEvner oiw fdvner-ae1 (Coordinate Axes and

Coordinate Planes in Three Dimensional Space)
fog O W ufi=sfed & act T WER &d qall

T HEd T RIS (MR 11.1)1 I T aa X'
s X'0X, Y'OY $iR 207 R faesfaa &
T o o x-3e1, y-318 3R z-378 Fed B
Y TA: Ed § T A qHl et W o B ST AT

3= W GHeRITUTeR TE9TieR 1o/ Hed €1 XOY, yr &—p- - Y

YOZ 3R ZOX, deli sl shasl: XY -, YZ-d,
A ZX-d, Fed &1 I dA qo FRws ad vzl
FEA B 4
TH SIS o 9 I XOY 7 od 71 37X X W
Z'0Z 3@l &% 9 XOY W daad od &1 A A
FS ok dd w dfded: W @ Z2'0Z @ 3MeRfa 11,1
FeEd: Bt 21 XY-9a 9 OZ 1 feon & oW
1 AR A T IRA ok $iR 07! Y fen § = w1 iR A gfEt wonersw
B Bl Ik IEH YRR ZX-dd % e oY fen & A gt e 3R ZX

qa o a¢ OY' &1 faen & At € gt womenss it €1 YZ-9a % geg@ OX fiem
H At T AT oA qen 39e W OX' & fRen # At wE 3fat womers i
g1 fag 0 =t e e o1 gt g e €1 19 Fdensr 9o ofafier &1 eme il
A qied ®, 31 o=l % 9™ XO0YZ, X'0YZ, X'0Y'Z, X0Y'Z, XOYZ', X'0Y'Z,,
X'0Y'Z' 3R XOY'Z'§1 3R 5= wasn: 1, 1L 101, ..., VIII g1 Jeikid i &

11.3 3iafier U ush foig o fdena (Coordinates of a Point in Space)

fafer o fafeea fademedl, fdenier qail oiR got foig wfea Frdener ferm o =19 o awemq
fu fog o o =M (x, y, z) H T4 & *1 fafyr qen foema: 79 gemnst & ffks
(Triplet) ST M W sfale o ¥ &5 (x,y,2) ok

Z P(x,y,z2)

frufor & 1 fafy #t o9 &9 fomr @ =men A
% B

sfafte o fau U fag P9 XY-T@ W PM &d ;
ied € e ok M@ (eTehfa 11.2)1 @98 M ¥ R
-3 R ML o S, i 56 L firer 81w 70 Tl
AT OL=x, LM =y 3R PM =29 (x, y,2)foig L& ..... Younn- g
Pk Fidwnish heed &1 398 x,y, z 1 HH9: f§g P /L (xl\)/E 0

& x-fadems, p-fadems, qen -fademw X
FEd &l ST 11.2 Heq <Ed ¢ TGPy, y,z) =@ aq'@[%[]]_z
XOYZ ¥ feord ®, o1d: x, y 3R z Gt ereen &
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Ifg P ferdlt o oreeier ® @ i x, y 3R z o g aegaR IRafdd e W €1 39 YR
siaier o feorg fordlt fog P o6t Wiam arfas wenstl o wivd Bfcsw (x, y, z) § v

ST B z
ﬁ?ﬁﬂﬁ:,wm(x,yz)aﬁﬁ{q AC
M W g9 x o 9d x-318 W fug L fuifa A E

W 81 H: XY - ® foig M Freifa = €, F T P
ST 5T e (x, y) €1 =1 ffS fs LM '

AV N
‘ : >Y
AW x-3T4 W A T AT y-3T4 & THHR T 1B
21 fdfg MR e & T B8 XY-7d W A D
MP @d @ied €, THR fog Pl 2z % W ST 13

freftor @ €1 39 weR fawif@ fag P &
e (v, y 2) Bl o1a: sfaRer ¥ feer fagetl &) amafas Gemsi & i Hifks
(x, y,z)@ﬂaam—m@ﬁ%l

faehedd:, ofafter # fom fog P 9 &w Fdenss qell o Galat €9 a1 di=d €, &
x-3eT, y-3181 3R z-3& H HAW: A, B 9o C fagsti W wiewsfed wwd €
(3mepfa 11.3)1 A OA=x, OB=y @2 OC=z %l di fag P & Fewis r, y 3R zE@
%ﬁ'{%@%ﬂP(x,y,z,)&Wﬁfﬂ'@ﬁ%lﬁ?ﬁﬂﬂ:x,yﬁ?z&mﬁﬁmﬂﬁ%@ﬁ@
w fag A, Baen C feifa sd €1 65 A, Baen C 9 &0 HaY: YZ-dd, ZX-aa el
XY-dd & GHIR I del @ied €1 g1 9 qell %1 ADPF, BDPE @@ CEPF
gﬁl@ﬁﬁém:P%,ﬁm—ﬁﬁ%(x,yZ)a?W%l
&1 <@d & for 9k sfafter § i g P (v, 3, 2) ®, @ YZ, ZX @2 XY qell ¥ dare 3Rar
HUI: x, p AU 2 B

fag O % FRw® (0, 0, 0) ¥l x-3181 R feorg foreft fag & Frdwns
(x,0,0) R YZ 71 ¥ feerq fopeht fag o fdenies (0, y, 2) @ €

el s fag o il & fag S0 ererw 1 fuifa =@ @ foae fag fem g
21 Freferfaa aroflt emel srerel & Frdwnshl o fog <oifdr 21
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QRO 11.1
Qg\j«& I 11 11 v | v VI VII | v
X 4 = = 4 4 = = 4
y A A - - A A - -
z 4 4 4 4 - - - -

SETETOT 1 3fehfa 11.3 °, 9f€ P ok féwmer (2,4, 5) €@ F o funes o sifog)
gl fag Foh forg OY o erffeer =dt et < 9= ?1 ema: Fok fdenas (2,0, 5) R
SETETUT 2 d I 6 itey feed fog (-3, 1, 2) R (-3, 1, -2) feem €

T 9RO 11.1 |, fag (-3, 1, 2) S oT=iw § qe1 f65 (-3, 1, -2) ©2 oT=w |
feera €

[wre=marett 11.1]

1. T fog x—31e1 W feord 21 sep p-Tadenies qun -Fdene & ©2
2. T fog XZ-aa o B| 56 )-T1Sene o IR Y 991 HE FWehd €2
3. 9 ersefell o A oAy, e Frefefea fag feem &)
(1,2,3), (4,-2,3),(4,-2,-5), (4,2,-5), (~4,2,-5), (- 4,2,5), (-3,~1,6) (-2, - 4,~7)
4. o A F 9w
() x-3F4 AN -39 <A T Wy ¥ X TH a9 oOd ®, SH q Bl

Fed B
(i) XY-aa o w fag o e ®Y o B &
(i) frewner ae Sfdier =i sy | fawfs o 2

11.4 = fsigati o ffer @t g3 (Distance between Two Points)

fferdia frdwmien frepra & &o < forgefl o ofter 1 < 1 e1eaem T 9o €1 oMU o
TH U 1A o fawn fiferdta frem & fag & 2

HHA AT, FEhIE e OX, OY 9@ OZ % W& ® a3 P(x,, y,, z,) a0
Q (x,, ¥, 2,) &l

Rationalised 2023-24



fforta snfafa =1 9= 221

P aen Q fogew ¥ fken® aal o Z
T 9 wifew, fSee ey T sy
fyerar & o fasoi PQ & (3fET
aTreRfd 11.4)

FTH /PAQ TH THHRIUI B
PQ’ = PA? + AQ? (D) 2
[ HfF LANQ = TH FHSHI, >Y
gaferel | ANQ H,
AQ? = AN? + NQ? (2
() SR (2) ¥ &8 oa g 8, fF X SEFA 114
PQ? = PA2+ AN? + NQ?
o9, PA=y,-y,AN=x, —x, ?r"ﬁ'{NQ=zz—z1
T TER, PQ? = (x, — x,) + (v, ~¥) + (5, ~ 2,)
o PQ = (=) +(ra—9) +(z,-)”
78 T faget P(x,, y,,2,) SR Q,, v,, 2,) & & F1 T PQ & faw g 2
forerma: ﬂ'ﬁ{x1=yl=zl=0, s1fq fag P, @ fag O &1 @
0Q= 11x22+y22+222 >
e =9 9o fag 0 iR fFet 3 Q (x, v, 2,) o A T T T &rehl 2
saretor 3 fageti P (1, -3, 4) &R Q (-4, 1,2) o o= &1 3O = HifeQ)
gel PQTfagsti P(1,-3,4) 3R Q (4, 1,2) & == &1 gt 21

PQ = /(=4 —1)2+ (1+3)*+ (2 - 4)?
= J25+16+4
= J45 = 35 TR
FETETOT 4 WY T P (-2,3,5),Q(1,2,3) 3R (7,0,-1) @ =
% 0 WA ¢ T 9w fig, w & @ W fem B €

&

i PQ=J(1+2+(2-3+(3-57 =o+1+4 =14
QR = \/(7_1)2+ (0-2)%+ (-1=3)> = /36 +4+16 = /56 =2/14
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S PR = /(7+2)*+ (0-3)*+ (-1-5)* = 81+ 9+ 36 = 4/126 = 314
T THR PQ + QR = PR
ara: fsig P, Q 3IRR W@ %

FETET0T 5 4 65 A (3, 6, 9), B (10, 20, 30) 3R C (25,41, 5) T GHH 5197 o6
e &2

T -9 9 o U B @ fR
AB? = (10 — 312+ (20 — 6)> + (30 — 9)?
— 49+ 196 + 441 = 686
BC2= (25 — 107 + (— 41 — 20)> + (5 — 30)?
= 225+3721 +625=4571
CA? = (3257 + (6 +41)> + (9 — 5)
= 484+ 2209 + 16 = 2709
9 UM € TR CA’+ AB? = BC?
3d: AABC T Guahiol fraet =& 21

SETET0T 6 T fagel Aden B o fdune swuen: (3,4, 5) 3R (-1, 3, -7) €1 T
fog PoF 9y 1 WHIRIT T SIfST, Safh PA2+ PB2 = 242

WWW@%@P&W (x,»,2) 2l
37 PA2 = (x — 3+ (y — 4P+ (z - 5)
PB2 =(x+ 1P+ -3)P+(+7)
feu U wiqery o SER, PA2 + PB2 =242, B Wiw @il 8:
(=3P Q=4 - S (6 1P =3 e TP =20
A 22+ 2)% + 22 —dx — 14y + 4z = 2k — 109.

[ wommaett 11.2]
|, Fretafed fag-gmi % &9 %1 g0 99 FRC
() (2,3,5)3M(4,3,1) (i) (-3,7,2)3R(2,4,-1)

(i) (~1,3,-4)3R(1,-3,4) (v) (2,-1,3)3R(-2,1,3)
2. =wig f fag (-2, 3,5) (1,2,3) R (7,0, -1) W@ €l
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3. frfafed = wenfia sifea:
() (0,7,-10), (1, 6,—6) R (4, 9, — 6) T HHfgaTg 9 o o 2|
) (0,7,10), (1, 6, 6) 3 (— 4,9, 6) T T F3yat = i )
i) (1,2, 1), (1,-2,5),(4,-7, 8) 3R (2, -3, 4) T WA =ql o wiid 2|
4. U9 foge & UHeId w1 WHERD ¥@ kitee s fag (1, 2, 3) @R
(3,2, -1) ¥ 9USEY T

5. feigati P @ o+ = o1 TRl T Sifeg et fagei A (4,0, 0) $IRB
(-4, 0, 0) ¥ A =1 FrTHA 10 21

fafaer 3ergvor
SETETUT 7 =WE g A (1,2,3), B(<1,-2,-1),C(2,3,2) 3R D (4,7, 6) TF
THiaR =S o ¥ € W Te Th TEd T R

&1 7€ T o foIg fh ABCD U THiqR =iq4fsl ©, e Teq@ ol s TaH feam
1 AT B

AB = \[(-1-1H(-2-2)+(-1-3)> = J4+16+16=6
BC = \J2+1)+(3+2)°+2+1)> = 912549 = V43
CD = (427 -3 +(6-2)" = V4+16+16 =6
DA = /(1-4)+2-7)+(3-6)* = \9+25+9 = /43
Fif% AB = CD 3R BC = AD, SHTT ABCD T THI® =g 2

319 I8 fag + o fou fF ABCD a1 =&l 2, o9 fe@m @ foF s9eh fasol AC
3R BD99H 961 &, 89 U © :

AC= |J2-1)+(3-2+2-3)>=V1+1+1=3
BD = \J(41 1) +(7+ 2)>+(6.+ 1) =25 1 811 49=,/155 .

Fiifs AC #BD | 37d: ABCD T& 379d 7l 2

WACHWBDWW%‘WW%,&?WWWW%ﬂ
ABCD %! guia wgs fag fran s gehar 21
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a0 8 o5 PO 9 GY=EA Kl G0N 1A HIT S 39 YRR Fead € foh SH]
fagetil A(3, 4, -5) 9 B(-2, 1, 4) 9 30 99H 2

&l W a5 P(x, ,z) 39 YR € T PA=PB

3 Jx=3+ =47+ (245 = J(x+2)*+ (y = 1)+ (z=4)°
El (x=3)> +(y=4)’ +(z+5° = (x+2)* +(y=1)> +(z-4)’
a1 10X+ 6y — 18z —29=0.

SEET0T 9 U T ABC &1 s (1, 1, 1) 21 3K AR B o féures wasn:
(3,-5,7) @ (-1, 7, -6) 2| fag C o fdwner 7 =i

T WM C ok TR (x, , z) € AN ohge G & e (1, 1, 1) fKu 2|

BRIy 3 =1, x=1
y=5+7
=1 M y=1
3 > y
z+7-6
3 =1, I z=2.

3d: C ok feems (1, 1, 2) B

eI 11 UT fafasr gy-aeit

1. SHER =gYs o @9 3 A3, -1, 2) B(1,2, -4) 9 C(-1, 1,2) 2| =g i
D & fRen® 7 it

2. TH IS ABC & 3wl o facenms ®"e: A0, 0, 6) B(0, 4, 0) e
C(6, 0, 0) B Brqs =1 wifeaeme 1 @arg 1@ ity

3. A 5199 PQR 1 ohseh et fag € iR ¥fid P(24, 2, 6), Q(-4, 3b-10) 3R
R(8, 14, 2¢) & @l a, b 3R ¢ HAE T4 HIfSQ)

4. af% fag A 3R B ®w59: (3, 4, 5) @ (-1, 3, -7) &1 =R fag p gr f4fifq
T U Hafud THehor A IS, &7 PA2+ PB2= k2 el k TR 2|
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qRTIT

¢ Tfora senfafd o Soekifore Fde feene fem | feene 31 /eR deeq
@ gt B

o frdemieli o g, 9 qot i s € 5= fdeer 90 XY -aa1, YZ-qt
ZX -7 HEd 2

o < Tadenier 91 S i S AN H sied ® S oT=T9r wed &

o it senfufa o foeht foig Pon Ficenenl =i wea W& Bl (x, y,z) & &9
¥ foran S €1 W6l x, YZ-9d 9, , ZXqd ¥ 9 z, XY d ¥ 5 B

® () x-3a W T fag o FRw® (x, 0,0) B
(i) y-@1e1 W Tt fag o fdema (0, y, 0) R
(i) z-3te7 W Freh fog & e (0, 0,2) B

& T fagst P(x, v, 2,) T Q (x,p,2,) & o= &1 T T 2

PQ=v(x, — %) + (3, —3)> +(2, = 2,)°

SeTfies gy

1637 S | aveiftieh SAMHIG % Sk Rene' Descartes (1596—1650 A.D.) ¥ qeit
fgfa oF &9 H Sooi@dd ®E fhdl, 9o TEeTfIwhRes Piarre Fermat
(1601—1665 A.D.) 3R La Hire (1640—1718 A.D.) ¥ it =& &% & & fepam|
Tafy & A o Wl o g sefufa o dey § gee ®, Wy fovg faeem
& 1 Descartes w1 fifadia sfafter ® fag o fdensht o fawa & SHer off
g 3=H 9 fomfaa & fomam

1715 % H J. Bernoulli (1667—1748 A.D.) ¥ Leibnitz %! fa@ o § =
e qell 1 U= SoolfEd @ 9 89 319 ¥4 o @ 2

T 99 1700 3 § H= Q&@ﬂ EDl T&Id fT T Antoinne Parent
(1666—1716 A.D.) o @ § o¥eiftieh 39 SATTH(G o fovg o foreqa foae=m 2l

L. Euler, (1707—1783 A.D.) ¥ ¥ 1748 ¥ WehRTi¥Td ST0+ Tk ‘S a1
IR=R’ o TR wE o R & 59 steam § fafondta fdene senfafa o
YeHafted Ta ®wHds 90 Y&d fRa

Il ISt o HEF o 9% & SAIHfd &1 9 9 Sife ot o fowr
feen T, fo/eeR @aiw® WA Einstein o Ge@g o fOgid § wH-999
3TIhHUT (Space-Time Continuum) o e 2
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