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(Limits and Derivatives)

** With the Calculus as a key, Mathematics can be successfully applied to the
explanation of the course of Nature — WHITEHEAD *%*

12.1 9fiakT (Introduction)

Iqg AT ho Hi Tk fHehT &1 el 0 HT I A0E1
S s, e e e T e
Il AR 1 3eAE TR S 81 Ueel §9 Staehersl
(Irfosh ®9 | IR foRe fomT) HesTgsd 9 (Intuitive
idea) d €1 qRIIIA TH HHAT T Fgst TR <7 AR Hi
o SISO 1 S AL hTT| Tk 915 TH STashals i
IR A o ToT STog ST SR STaehers] o SISRTTUT &1
FS AT | §H FD TR Ak ol oh STaThers i

e FH Sir Issac Newton
P S - - (1642-1727 A.D.)
(Intuitive Idea of Derivatives)
iferer FEM A SrHiTEd T @ T fie T wEl/e= weer 9 Nt ¢ Gohel § 4.92
HieX g 7w € 1l fie g Hie ® 99+ T gl (s) Yol | A T gw ()
% T Bed o w9 H s=4.92F & T ]

T gRoft 12.1 H Th WE/H 92 ¥ fir e uws fie o el  fafu
T (1) W WX T 99 H O (5) 6§ 2

T liehsl ¥ WA ¢ =2 Yohs W S &1 a7 A T € Sevd B1 TH HHE %
Tg=H ok Tt =2 Yohe R TOT T o1l fafae SoaiaRel W e 3 1 Sl U
TN ® 3R TN wd B foh Y (=2 Wehg W AT o OR H FY YR TS
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=1 3R (=1, = WA N’ =1, 3R =1, Thel [T 12.1
o o1 T 1 T g0 P (1,-¢,) ¥ A A W I B p S
21 o7d: UUW 2 Yhel § W & 5 5
1 4.9
_ t, =0 3R ¢, =2 S qIHI T s 11.025
AT (1, 1)) 1.8 15.876
1.9 17.689
19.6—0)®t
= %:9.814%/@ 1.95 18.63225
(2-0) 2 19.6
TR YR, =1 AR =2 o9 TEF A 2.05 20.59225
10,6 4.9\ 2.1 21.609
- ﬁ:mmﬁ/ﬁ 22 23.716
2.5 30.625
Tt TR fafae o faus =1 IR 1=2% o= & 3 441
med o9 o Uo7 FEfafad gl 12.2, 4 78.4
(=t Tl IR =2 Fohel & " WX 9fq Yohe
T e 3 (v) @ e
AR 12.2
, 0 1 1.5 1.8 1.9 1.95 1.99
v 9.8 14.7 17.15 18.62 19.11 19.355 19.551

TH RN W gH STaeiish hid © foh HWie on ¥R-oR 9g Wl S-S =2
W T B AT FRARelish] TR S S § 86 SEd © 9 (=2 W g9 97 %1 TH
A TSl Sl H U B | S I € o 1.99 Tehe IR 2 Yehg o o P AT
T A W dl B e feherd @ R 1= 2 Yehe W WA A 19.55 WA @ g ety

% Tl

7 e o1 freafafad sfrwerl & aqe=a 9 frfaa oo fier 21/=2 dehe
Y YRY ¥ g fafae THaraiet R qed o 1 9o Sl 9o i 9ifd 1= 2 Iohs

SR (= ¢, Wohe o o= WA I (v)

_ 2UFTHN , YFSF AT F Gl
- )
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_LEFSH W@ R T - 2Tk H T R Q@
t, -2

_ L, ueid # H gl - 19.6
f,—2
frefafead aRof 12.3, 1 =2 9ehel 3R ¢, Yohe o o9 Wiex Ufd Tshe § e A
v 3 2

AR 12.3
4 3 25 22 | 21 2.05 2.01

2

v 294 | 24.5 | 22.05| 20.58 [ 20.09| 19.845 | 19.649

TEl : B &AM 3d € o 4% eH =2, § URH i gY e HEAe| i old
S B dBH =2 W AT o Al eS|y e el

SRl o oM H=ad ¥ 894 =2 T HAMG 8H el dgd JHaT=al | Jre
AT T R T SR a9 e &1 ¥ foh r=2T fhfad 7 w® swenty we 7w
sifeRel oh g I=ed | (=2 T 31 BH aTel Hed qHFiauel | /e o 1 o
2 3R a9 e 1 ? & 1=2 & ffaa 9% g Ay s 7 W fays w9 9
FfqenTa SR W WeA o o 3 QI ST Toh THM HH R Jge =1eT gq fHfvea
w9 4 fread frebred € for 1 =2 W fae 1 o1 19.551 H/A 3R 19.649 WA & <=
21 dohIR! ®Y U W HE Thd ©
foF (=2 W AR AT 19.551 & s=4917
A, 3R 19.649 WA, o g 1 feeememmemaaaaas /B,
S o weft ¥R 9§ AT ol -
o ORed i 21 e g S !
fromfea  foran, o frefafaa 2 % ------------- Yy
“fafaer a1 W g § oREd F1 R %, :
1 SIEH N 2| B hEd € T

W Hed s =492 HR =2 W p----- g0 :----EC1

RSt 19.551 3R 19.649 % &= : .o R

ﬁ%l" (0] / é Z:Lt22+t1 'qqz[-ax,t
39 W H gt & TH

fomeu fafy smerfa 12.1 9 <wiiE T SATFH 12.1
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21 98 o0 A (1) N W & R 9 fig w1 @t (5) # o 71 SE-o
QAR o STFT A, b, ..., 1 9 I HT SR SHER S & 99 & wiem ol ok
ST B T o€t I B ® S

CIBI C2B2 C3B3

AC,  AC, AC;,
% TG o STTHA HI BN ¢, Sl CB,=s, -5, T8 T & S fie wHarw
h,=AC ¥ T HT T, TAMRI Mpid 12.1 ¥ 98 ot Ferern gifeed © & o a”
H1 TR Tk ok g A W TIERET ok 2ol i AR SR Bl B TR I H, /=2
g R fi o1 dichifoh S 9% s =4.92% (=2 T W & &/l o GHH 2

12.3 ©®T (Limits)
STgF oo 3@ 927 #1 R T ffde wxar 7 fF e @i w5t ufea &R
s T2 &Y ¥ GHIH F1 AEYIR 21 BH G 1 Gheud 9 ufifad gF o foe
&9 gidl (illustrations) 1 S1E7F &Y 2l

wE fx) = R R FIGT eede FIfNT o S9-S9 xH YT H
Afrer e WM 24 €, fx) 1 91 o 01 AR SRR a1 S 21 ([ SRt 2.10
S 2) 7w Fed ¢ lim f(x)=0
(T f(x) ! S G R, S 1 Y HT AR UER B €, T Sl ) f(x) BTG,
e x Y 1 SR SE BT ], Bl UH GHE S S x = 0 /(x) 1 6F H =)

Mk &G W S6 x —> a, f(x) = [, T [ H B f(x) Hi G el S © SN
T w9 v foan s g lim S (x) =1,

T g(x) = x|, x 0 W foER HifSw wam ST ff g(0) TRefia 7=t =1 x @
0 o Ircafeen e WMl o foIT g(x) o ®M &1 Ufehel w1 o fog &n <@d ® fo
g(x) 1 HH 0 T AR SE FI@ 1 g M o) = 0.x 20 faw y= || %

X

AeE ¥ I8 Teoidl ¥ T BT ¢1 (3E SMBfd 2.13 1AM 2)

_x2—4

Frefafed wed W fa=r ST A(x)= X2,

x % 2 o TAfus e wFl (dfha 2 &) & fau a(x) & AF @1 9Rehed
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HIFSTT| 2T =T 1 THR HUC o T 7
4 % e & 7l (empfa 122) § KU wem
y=h(x)% i@ R TR FH 9 sqH! fF e
T Therar 2

T Tt Terdl § T QU AMx =0 W Hed
% S HE U H A A o IEdd H 39 W
i 78t © o x 9 @ 1 SR SRR e B
& ST T x oF T g 1 AR 3R B
o forg =1 df =1 o a1 T SN @, Srerfe x ok
e afi A A W oW HH B HHA S A o W (-2,0) OV (2,0)

foreR 81 Hehd ©1 389 i &9 | g T M
- ot uey k1 G SR I e sk HEn 9fa B
21 el £ 3 a8 el 1 HIH fx) 1 98 T © TR

S f(x) oF B W SRR Bl @ W6 x, ¢ o SIS AR STEL Bl 81 THI YRR o1 & i
Tl 3Heh gwid o folu, oM W famr sifsu

Y
, x<0 A
F)=15 4so y=1)

0.,2)

AP 12.3 W 30 o 1 od S0 T € T8
T T 0 W fH A x<0h foIq f(x)o w4 9 —2(0,1)
W e e € S TR 1 o wEE R et I W S(x)

X' € >X
and w1 w0 =12) 55t w0 W £ w1 AW 7
x> 0 @ fau f(x) & A W AR w7, 2 @ @i o Y
& 0t wg w0 =2 31 5w feofa 7 and ok MeRfer 12.3

T ey w1 HEG f=-fae € iR oTd: ¥9 e Wehd € T W9 x Y HT AR SR
B € 9 £(x) BT HE AR 21 (Wl € e 0 W aReifd 21)

ARIT

B9 %ed ® T xll)n; fx), x=a R f(x) 1 3TUferd (expected) T g e x o

o AR e |HT & fAT £ (x) 1 AF KT B 39 91 H @ W f(x) B aE a9
&t HT Fed 2
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T Fed € fF lim f(), x=a R f(x) 1 oriferd 71 2 69 xF o W
AR ok fehe aH o foIT f(x) o A KT €1 30 71 il g W £(x) H1 Q987 i
G wed 2

g TE 1R o1 vey T HA Haw B df e 3 SHATS WH ®i x=a W f(x)
* " Fed € SR W M ) ¥ fefm w5 €

Wﬁ(ﬂiﬁ?ﬁﬁﬁ%ﬁ@?ﬁﬂ?ﬁﬁﬁﬁﬁ%ﬂﬂ%ﬁx=amﬂm
1 = AR 2

geid 1 (Ilustration 1) Hed fx) =x+ 10 W fIER HIfST| 8H x =5 T Herd i HHT
T HIT AR | ST, T 5 o 3T (b x o THI o faT / oF A o1 IR F
5 ok ITcad Tiehe o1 3R o T6g 4.9, 4.95, 4.994, 4.995... 3R €1 2 faged W f(x)
& | 4 gRiiag 21 36 YR, 5 o 3Td ke 3R T ST arferss §@A 5.001,
5.01, 5.1 ot 81 2 fagefl W ff wer o 99 RO 12.4 ¥ &y 2

AR 12.4
X 4.9 4.95 4.99 4.995 5.001 5.01 5.1
f(x) 149 1495 1499 | 14.995 15.001 15.01 15.1

ARl 12.4 9 &9 e o € TR fx) 1 9F 14.995 9 w21 3R 15.001 9 Bie
8, 7€ Houl Hid gU T x =4.995 R 5.001 o &9 F® SAHAIE S sfed | 8|
IE HeqHl HEA GehETd € fh 5 oh O IR Y Femet o fau x = 5w f(x) H AE

15 € 3t lim f(x)=15
T WRR, S x, 5 O I SR SR T 7, £ H TH 15 B =G ]
1in51f(x)=15

Iq: € G B Toh £ oF ard ger w1 HAn SR <d vet i G, <A 15 o ey
g1 39 THR

lim f(x)=lim f(x)=lim f(x)=15

x5 x—5" x5

AT 15 oF 9UeR BH o 9) | I8 fohd wel o STei@ S 3mepfda 2.9(ii) 21eAE 2
# fen 2, 1 J@a frfad o 3 21 39 omepfa ® &9 oI <9 § fF SRS xS
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oA A IR AR A AR AR IR B, Her f(x) =x+ 10 H1 @@ f65 (5, 15) &T
3R S Bl WAl Bl TH @A € fh x=5 W W Hed &l AF 15 o SE
Bl B

TEIA 2 T flx) = x° T fo=R FITU) 3T TH x = 1 R 30 Fod &1 GH Id HH
ST JATH 3| ol EAfd i T 9&d gL BH x o 1 oh fTehe AHI o T fx) o a1
%1 GRUEg Hid 81 T8GR 12.5 § & e e

|RUT 12.5

X 0.9 0.99 0.999 1.001 1.01 1.1

SGx) | 0729 0.970299 | 0.997002999 | 1.003003001 [ 1.030301 | 1.331

39 GRO © eH A d ® TR x= 1 W £ %1 5 0.997002999 § SR 3R
1.003003001 ¥ %7 2, 7€ Heddl w 8L T x = 0.999 3 1.001. & = P
YT ST Sifed 7 | T8 WA Geh@Td € foh x=1 1 7 1 o o2 3R shi Hesi
W fasft e 7 ererfq

lim f(x)=1

x—1

T TR, S x, 1 % IE AR SR TN R, A £ H WA | FE1 A 7f
lim f(x)=1,

x—>1"

37d:, I8 HareA © for 9 ueg e o S us s diE SF 1 % Ser Bl
T THR

lim ()= lim 7 (x) =tim £ (x) =1
T | ok SRIeR B 1 I8 FTeaht %ot o 3Tera St STehfd 2.11, 31ea™ 2§ fan
2, 1 Tt fopfad oo a1 21 39 Sehfa § B9 UM <4 © T SH-Si¥ x, 1 o 1 dl
TR AR AT T SR ST &, el flx) = x> H1 3@ g (1, 1) HT SR SWER 7Ial
S 2
B : e Hd B foh x =1 W Hed 1 0F f 1 o SR 2l

T 3 HA flx) = 3x W =R FIRU TBY, x =2 R 30 Held i A G HH 61
T | FefeiEd 9ol 12.6 Td: T ST 2l

Rationalised 2023-24



@ iR s 233

AR 12.6
x 1.9 1.95 199 1999 2.001| 201 2.1
%) 5.7 5.85 597 59971  6.003] 6.03 6.3

o g9 3feelihd Hd © foh x A @ a1 A1 ¢ 2 AT S SR B B, flx)
1AM 6 1 AR SRR Bl g Fdid gl 81 8H 3, 39 YR ifeifEd #X Hehd

g Y
Jlim f(x)= Jim. f () = lim / (x) =6 (0, 6)
3T 12.4 H YRR SHHT Aei@ 39 qeF &l
I 3@ T
7 I: B B W € b= 2 T e A g0 g S
x =2 W HHE o GO 2l 0 2,0

SRId 4 TR B f(x) = 3 W Ta=ER *ifsU) 5T &4
x =2 R THH! WA A HH H TIH H T8 Hed
3R oM BF % R0 oA Tk & AW (39 fefa Y’
¥ 3) W I § e1eifq 2 % 1Hd Feke feige o st 12.4
7T 9T TE 3 1 oT:
lim f(x) = lim f(x) = lim / (x) =3
flx) =3 1 i@ B EEd | (0, 3) W WM Al x-318 o FH Wl ? 3R
Trepfd 2.9, STe 2 | T T B 399 I% ot vy ® T erdfie i 3 © qodd: I

T ¥ SEdlfEd g € o e awafaw W@ oo fag lim f(x)=3

gwid 5 BeM fixr) = + x R R Fifww g i/ (x) 9@ e = e
x=1% e fix) e a1 Groll 12.7 % Grofiag 3 €

AR 12.7
x 0.9 0.99 0.999 1.01 1.1 12
Ax) 1.71 | 1.9701 | 1.997001 | 2.0301 231 2.64
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TOY 9% qeTd I B § R Y

A
Jim £ (x) = Jim / (x) =lim f () =2. !
amepfa 12.5 ® S flx) =x>+x o 3
erE § 7% TR B R S-S k1 # - y=f)
AN ST BT, @ (1, 2) H AR '
HUE Bl Sl 2 '/
37d: B9 A Y0l i € T X' € : >X
2 a~lo1r 2 3 4 s
~ _ v
im f @ =rm M
’ m,ﬁw%ftaa?ﬁﬂaw’raﬁm TR 12,5
@I H WHR HAC
lim x? =1, hmx 1 3R limx +1=2
x—l x—l1
- lim x? + 1imx=1+1=2=1im[x2+x]_
x—1 x—1 x—1
qen ilil’]lx. ilil’]l(x+1) 1.2=2= Em[x x+1 ] ilirll[x +x]

A 6 He fx) = sin x T fo=m Fif) gt lim sin x % w9 ¢ =¥ w1 e o
s

Wwélaﬁ,mﬁgéﬁﬁaﬁﬂx)éauﬁ(ﬁmn)ﬁm%m%
| 12.8

N T 01| Z-oo01 | Zv001| E+vo1
2 2 2

f(x) 0.9950 0.9999 0.9999 0.9950

o9 Bh e Y 9ehd © TR hmf( )—hmf( )—jl_r)réf(x):l

x—>5 2

ok AR, T8 f(x) = sinx o @ ¥ T2 Bl & S M 3.8 374 3
o fem 21 39 feafa o oft 29 2@@ & % lim sinx=1.

T
x>
2
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T T HE flw) = + cos.x W TSR HITY T lim /(x) T KT =med €l

Tel &1 0 o e flx) & AF (Frehead) anvieg frg € (@rof 12.9).
| 12.9

x ~0.1 | —0.01 [ —0.001 0.001 0.01 0.1

f(x) 0.9850 | 0.98995 | 0.9989995 [ 1.0009995 | 1.00995 1.0950

ROt 12.9, 9 &9 O T Hehd © 6
1ir2f(x): lirgf(x)zlirr(l)f(x)zl
T ferfa # off &9 Jam W ¥ lim s () =/(0)= 1.

379, F1 o9 W hl WHR T THd & 6

1im[x+cosx]= limx + limcosx gqrqe § Tg 29

x—0 x—0 x—0

TR 8 x>0 o foq, wem f(x)=xl—2q1 forem i) 2w lim £ (x) S T
<red &

i, B9 Sfoclieh Hid © foh el 1 Uid Gl s artas e €1 er:
e B9 f(x) % UF GRONEg B ©, x YA o 98 3R SRS Bl €, 1 hig eref e
21 9 71 0 o e x o ¥AIHE THl o fOT Hed o T bl GRvfieg w © (39
Irolt | p frdt oF i 1 Frefad w2

F= @ T WOl 12,10 W, B9 2@ € TR S x, 0 W1 SR UE B4 B, fix) T
3R =g erar sl €1 F8l ghent @1ef ® TR, f(x) 1 9 e § wen 9 o s fhen
S Gkl €l

HIOT 12.10
X 1 0.1 0.01 10
f(x) 1 100 10000 102

TR w9 @, T e W ¢ lim f(x)=+oo
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&n feoofl oft #ed € o6 50 ugasd W B9 3@ YR &1 Hmed wi =l T8l sl
geia 9z lim f(x), 7@ wo red ¥, et

x+2, x>0

el I THE BH 0 o e x o TIT f{x) 1 RN a9 1 U&I01 Hid § foh x o
HUMTS TH o T 85 x — 2 1 A TIohlen &1 STeavaedhd © 3R x o HAeHs M
% T x + 2 1 9 Frhrem 1 savaesar 2idl 2

W|ROT 12.11
X — 0.1 —0.01 —0.001 0.001 0.01 0.1
fix) —2.1 —2.01 —2.001 2.001 2.01 2.1

ROt 12.11 1 9o i gfafted 9, g0 e o3 € 6w 1 96 2 9%
e @/ AR

lim f(x)=-2

x—0"

TRoft kT effaw = wfafeeat 9, &0 fme % 2
Y

T W WH 2 T 9% 1§ 3R 3d:
lim f(x)=2 o, 2)}/
Fiif 0 R AN R NG el T A FOd T ¥, g o S

T HEd B o6 0 W Her a1 9 sifded= 2 0 >
TH o 1 e Sehta 12.6 9 e ® u=l, ' 0,-2)

fooqult #hd & o x = 0 W HelA &1 7 qoid: IRfE €

3R, ardd ®, 0 % T 7, WG x = 0 R HoH w1 Y’

Renfea off =¥ 2 TeRTeT 12.6

Fwia 10 T sifd gwia o w9 F, 50 imf(x), 3@ e ¥ swefn

x+2 x=1

f(x)={ 0

x=1
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W|ROMT 12.12
X 09 0.99 0.999 1.001 1.01 1.1
£x) 2.9 2.99 2.999 3.001 3.01 3.1

B I WE, | o (he x o T g9 f(x) o HHI ! UROTEg Hd €1 1 9 HA
x % fau fx)® oel 9, 7@ gdita el @ 56 x = 1 W Gl %1 9 3 g ey sreiq

lim f (x) =3
TH UBR, 1 § 92 x o fAU f{x) S AF § ARMIE fx) F1 99 3 A1 @I,
12 Y
lirrllf(x)=3‘ 4

T qe T SR I g kT HEE ot € R
3Ad:
nr?f(x): lirgf(x)zlirr%f(x)zi
3T 12.7 ° e &1 Aol @ & aR d X
AN AT 1 o a1 B 7L, B0 AH 34 B

ek &Y W, T KU {65 R B 1 7 AR 58 Y
T fa=- ot &1 TR € (et &) i aRenfia =)

12.3.1 @iareil’ @1 sirTfurd (Algebra of limits) I9YF TRl ¥, TH 31Tl 3
wob & FF i gfewan =, SqgeheM, O SR WM T Ue il @ 5™ b T
foremuei o iR diamd guRenfua &1 e gam 721 @) 9 o, g9 37h! fo suufa
& T o w9 H siveifie w9 9 2
uﬁmmrfﬁmwfaﬁxga’rwté%’ﬁ1iir;f(x)aﬁ11iir;g(x)aﬁﬂ¥ 1 St
gl s

(i) = werl o AN w1 WA Eerl w1 S w1 A g g, sl

lim [fix) + g (0] = lim fix) + lim g(x).

{,0)
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(ii) & werl o AT h1 T Bl i HHST T S B g, 3l
lim [fx) - g@)] = lim fly) ~ lim g).
(i) < FeFl o UM HT G Herl w1 SIS w1 O B Y, i
lim [fx) . g@)] = lim fix). lim g(x).
(iv) & Herl ok AR 1 S el i WIS s e g €, (St 8 YR
T 7)), 31

f(x) limf(x)

1' :X—)a

wag(x)  limg(x)
oot fomiw w9 @ feafa (iii) #1 T fafvre feofd § @ g(x) T TH 3= %o €
fop fondht aredfeorss G&m 4 o folT g(x) = 4 &H W &

lim[ (A.f) (x)]=Atim £ (x) |
3Tt ] 3T=e]l §, B9 qId <41 o 39 yHa & fafvre YR & werl i Hmne

o A W HE H okl yEm TR S 2

12.3.2 E@'QE?’ 3 TRAT ®erl @t 'Fﬁ'QTf ( Limits of polynomials and rational

functions) n ¥d 1 Th & f{x) TgILE Bl hgalrdl ?, g fix) = a,tax+ax

+.. . +ax, S asTH SfgR gead € R R wehd gem 1 ok faw g, = 0

T MY ® f limy =q. o

xX—>a

. ) . . . 2
limx* = llm(x.x) =limx.limx=a.a=a
xX—a xX—a xX—a xX—a

n T SATHA o1 TS S gHe! aardl § 6
limx" =a"
xX—>a

Fd, " AT f(x)=ay+ax+a,x* +..+a,x" TH TEIT HEH R
ao,alx,a2x2 ..... anxnmaﬁ@wamﬁaﬁ@,@ﬁ%ﬁ

lim f(x)= lim[ao +a,x + a,x* +...+anx”]
x—a x—a
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. . . 2 .
= lima, + lima,x + lima,x” +...+ lima,x"
xX—a xX—>a xX—a xX—a

. . 2 .
= ay+a limx+a, imx” +...+q, limx"
xX—a xX—a xX—>a

— 2 n
a,+aqa+a,a” +..+a,a

= f(a)
(gffeea X o o Sudsa W wels =Ro1 o Siifaer wug foren 21)

g(x)

@Wf@www_%aﬁﬂx)=m,aﬁg(x)3ﬁ? h(x) T@
ag0E € fom h(x) £ 0.

. g(x) lime(x) g(a)
)lcl_l’)l’;f(x)=)lcl_1;l’; i(x) Z limh(x) - ft(a)

Tafa, afE na) =0, feafaadl & — (i) 9 g(a) = 0 3R (i) & g(a) = 0. qd I
frarfg & 20 wed © T o o1 s @1 21 A o) feufa § &9

g(x) = (x — a)'g, (x), ST &, g(x) ® (x —a) F1 HETH oA I TH THR

h(x) = (x — a) 'h, (x) FAE h (a)=0. 3@, A k> F0 90 2

limg(x) lim(x—a)k g (x)
lm S 0) = T () tim(x—a) 4 ()

> x—a

}Cl_t)l}z(x - a)(k_l) & (x) _0.g, (a)

lim A, (x) h, (a)
I k< [, g aRenfyd = 2
SETET0T | 9 T SIS
() lirr]{x3 2y 1] (ii) ling[x(x+1)]

(i) lim [1+ x+x° +...+x'0]
x——1 :
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Tot srefiee goft ETd pe TEUEd o i HAd €1 o1 Hed yae feget W ket
o A E1 B9 U §

G mpe_e2+)=1-12+1=1

x—1

Gy lm[x(x+1)]=3(3+1)=3(4)=12

x—3

(i) lim [1+x+x2 +...+x'0] =1+ (D) + (=12 + .+ (=)0

x—-1

=l-1+1+..+1=1.

SATET0T 2 HE, A i
' lim_ x*+1 - lim_xs —4x7 +4x
O | x+100 )35 | X’ —4
lim_ x4 : lim_ x 323
) 52 | X’ —4x’ +4x ) 5% _x2 -5x+6
lim| £~ 2 L }
) o x?—x  x°=3x*+2x ]

el gt T et IRe o € 31d:, B9 Tedl USd fagetl W 3 Wl & 9H

Wwﬁ%lwﬁaﬁ%,éﬁwaﬂ%,%ﬂw,ﬁﬁméw%mm%ﬁrﬂw
2, &l T =td g werl i qA: forad €

2 2
) %‘qtﬂﬁ%limerl:lJrl :i
x-1x+100 1+100 101

(i) 2 W HEH 1 HE W HH T eH 39 %mmﬁﬁ% 1a:

X —4x® +4x x(x—Z) x(x—2) )
_1

e ")) e (vr2) TR x 22
~2(2-2) o0
242 4
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(iii) 2?%@%%@%%@3@%&?@1#'111%%,%:

. 4 ~lim (x+2)(x—2)

-2 33 4y +4x T2 X(X—2)2
(x+2) 2+2 4

_ i - _
wnx(x-2) 2(2-2) 0

ifer aftenfoa =&F 21

(iv) 2 T e 1 HHF 9K i W, €9 59 %éﬁmﬁ'mﬁ%l 1a:

2 J—
lim X = 2x? liad X (x 2)

232546 2 (x-2)(x-3)

2 2
_ lim—~ 2 _4__,
=2 (x=3) 2-3 -1 '

(v) Ted &H Her sl URHd e sel g feed 2

x—2 1 x-2 1
[xz—x_x3 —3x2+2x} - x(x—l) x(x2 —3x+2)

x—2 1

B x(x—l) x(x—l)(x—2)}

[ X —dx+4-1

x* —4x+3

- x(x—l)(x—2)

Rationalised 2023-24

241



242 NI

0 .
| W %A ®1 99 I HH W e BEFTW‘TIﬁ%I HAd:

o xr-2 1 . x2—4x+3
lim -

_ lim ———F—
Wl x?—x =32 +2x | P x(x—l)(x—2)

(x-3)(x-1)

=2.

&0 ool ot B fop S A Wi o | e 08 (xv— 1) i e e it .
Teh HEqul 1 1 719 9 1, St foh 31 aRomel 5 Tged g1, e TR gHa

& ®9 H T 2
una 2 et o gt n o g,

x" —a" n-1

lim =na

xa X—a
fewuil SuE wHE W WiW ®q ook WeT € S p RIS UREE W@ € @R
a ¥HE 2
SUUT (x" — g") Hl (x;a),@ﬂmiﬁm,%ﬂé@ﬁ%%

X" — qt = (X*a) (xn—l + xn—2 a £ xn—3 az + + X amz + an—l)

xn_ n

g‘g‘ W hm — hm (xn—l + xn—2 a + xn—3 aZ + . + X an—Z + an—l)
x=>a X—a x—a

— an—l A a an—Z + . + an—Z (a) +an—|
— an-—l + an—l +‘“+an—l + an—l (n ‘q—(l\')

-
= na"

SETEI0T 3 A A BT
P | VI+x -1

. 1' .o .
(1) m A0 (i1) 112}) x
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I s B e B N
limZ—— = limF——+ L
xol x0—1  x-lpgx-1  x-1[

] Dxls—]D ) Dx10_1[
= limG——limG——°r
xﬂlmx—l 0 xﬂIDx—l C

= 15 () +10(1)° (ST T ¥)

—15-10—E
— 15 .

() y=1+x &8 y o 159 _ o @@
C Trx-1 Ayl
1im = lim ~——

x-0 X y-1 y-—1
1o

2 12

L fim?" !

y-1 y=1

1
.- 1
= %(1)2 | (e feomh @) =3

12.4 Trerrotfiucdta wer @t 13ﬁ'l=ITQV: (Limits of Trigonometric Functions)
H €9 G, el o aR § FEfafed e (99t o6 €9 § w8 M) F9 HewmihadE
el 1 HsT #1 UReed W | gad @l
. Y
S &1 A

UHT 3 AE AT WHE Wid A ) ardtaeh y=g(x)
M we £ 3R g UH © o gitem o wid o
Tt x @& fau f(x) < g(x) 7t o & fow afg

lim ) sie im o(o) 9 o1 efe § ! y=ﬂX)\X
. . O a U
lim vy < im o) 58 empfa 1284 fomr @

e feman T R T 12.8
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Wi 4 Hefaer a0a (Sandwich Theorem) A wifST f,g@:ﬁ'{ h Ardfeeh | W
9 ¢ for uRemw & wafTss ial o 9+t x
o U £ (x) < g( x) < h(x). Tordl artaes

e o % faw afe Um gy =

= IIm (), qt lim g(x) = /. ¢

xX—>a

aepfa 12,9 Tot o =y fepan o R

e werml @ Gefua frfafad
Tee ST W TR g S
Suufd 9 A 2

0<|x|<§ & fau cosx<¥<1 (*)

Ul &0 Sd € T sin (- x) = — sinx 3R cos(—x) = cos x. 3¥d: 0<X<§ & fau

FrEfeRT 1 fog w6 o fou 78 99w 2 B
aepfa 12.10, ¥ U¥ 3hE g9 1 g O Bl HU AOC,

(
xmm%aﬁtwmgni@mmaﬁCD,OAéﬁw AN

21 39eh sAfafted AC &1 e T 21 a9
AOAC &1 &9%Fd < JAEES QAC &IFA < AOAB &1 &%

1 1 ST 12.10
e JOACD < 2i.n.(0A)2 <JOAAB.
T

a1l CD<x.0OA<AB. AOCD ¥
. CR - .
sin x = a(ﬁ%OC=OA)€Fﬁ'{ 31d: CD = OA sin x. 38 31fafier

AB
0A
OA sin x < OA x < OA. tan x.
Fiifeh o OA ¥FIcH® B, 89 U ©

sin x < x < tan x.

tan x = 3R o7a; AB = OA tan x. 39 JehX
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a?ﬁﬁ0<x<§,sinxﬂ?m%Sﬁ'{WWsinx,@H‘lﬁaﬁ 9T < W, BH UW ®

1
—<
sinx CoSx

Gl 1 FehH HH W, BH U €

1<

cosx<w<13'qtlﬁftﬂﬁ§|
x
i 5 frefafed < meeyet @i 2
sin x I-cosx
(1) m : (ii) lim . 0

SIY e cos x 3R TR Fed

Ul (i) (*) § SHaT (Inequality) o TR Held
ST A 1 B Sl €, o o o feerd B

zoer SAfafer it M cosx= 1,79 @ € fF WA & (i) #1 3wafa defom
g @ gof )

X

(i) ! fog &0 = foau, g0 Femfafa seafis 1cosx=2sin2(§jemqa‘mmﬁ

2sin’ (xj
. l—cosx . 2 .
Iim———— = lim———=Z =lim

EC
x—0 X x>0 X x—0

gy

b
2

"(3)
Sin 5
— lim—.limsin(gj ~1.0=0

x—0 x—0

X
2
Waﬁﬁqﬁ@ﬁwm@wﬁwmwm%ﬁx%o%—>0$

W%lmﬁy=§wwﬁrﬁmwmé|
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ST 4 W T R () lim (i) lim 2%

x—=08in2x =0 X

i lim sin4x _lim sindx 2x )
& () >0 sin2x 0| 4x sin2x

. | sin4x sin2x
= 2.lim +
0| 4x 2x

. sin4x . sin2x
= 2.lim + lim
4x—0| 4x 2x—0| 2x

=211=2Gdx - 0,4x > 07 2x — 0)

X . sinx . osinx . 1
= lim — lim .lim
X x>0 X COS X =0 x x—=0 COS X

tan

TR U € (ii) lim =1.1=1

T 9= T, fogent dimet 1 91 fehed 999 ea ° @A i SAewgehd
2, fefafea 2:

T fo o lim féz;maﬂch%aﬁwﬂmmammamﬁ%lm

xX—a g

T f(a) 3 g(a) ™ A A S AR 4 g €, @ &1 <@ € Al gn 39 e
H U F Fhd ¥ S UZ WETW B H w0 2, i @ AR =W
f) = f; (%) ) o w f 1, () = 0 3R f, (a) 2 0 | & TR g(@) = g, ()
g (0).faEd ¥ S’ g (a) =0 3R g(a) = 0. fix) 3 g(x) & T A= PHEe (AR
e ®) 1 e T 34 © i

28 =Z((;C)) SR g(x) =0 o
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i 3R st

T 1 9 22 d% Hfafed diwet o 79 9 Sifed;

10.

12.

18.

20.

21.

23.

. . 22
limx+3 7. lim| x—-=
x—3 © xom 7
. 4x+3 XX 41
lim o lim ——
x4 x—2 x— -1 x—1
. 3x*—x-10 . xt-8l1
lim — . lim ———
=2 x" -4 =3 2x° =5x-3
231 2
: . ax“+bx+c
lim lim — =%
z—1 l ° 2
26 _1 =l ex” +bx+a
1 1 )
—+ . sinax
lim x 2 . lim
2 x40 =0  hx
. sin(n—x) cosx
lim lim
Xon 71;(11; - x) x>0 T—Xx
. ax+Xxcosx .
lim ————— . lim xsecx
x>0  bhsinx x>0
. sinax+bx
lim ————,a,b,a+b#0
x>0 gx + sin bx
tan2x
lim (cosec x —cot x) NI 1
x—0 7 X >

iy () s i (), e, 1 (2) -
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3. limmr
r—1

x—0 X

ax+b

T a0 ex+1

,a+b+c=0

sin ax

(x+1) -1
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14, lim——,a,b#0

x>0 sin bx

17. lim
x>0 cosx—1

2x+3, x<0
3(x+1), x>0

cos2x—1
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lim £ (x) c /() %xz—l, x<l1
x)=
24. x‘?}f x), 9| sifse, Sl Ba-1, x>

25. lim £ (x), =1 7w e i, st/ (x) =0
Ho, x=0
. . 55, x#0
2. lim f (x), 7m0 #ife, wt /(x) =0 x|
Ho, x=0

27. lim £ (x) 7m0 #fm, @t £(x) =] x| -5

x -5

h+bx, x<I
ZS.WFﬁﬁ'Qf(x):E]él, x=1
E{J—ax, x>1

IR =g lim /' (x) = (1) a SR b HE A P E?

29. WA SN a, a,, . . ., a, FEX AEAfGR HEAW ¥ AR TH Had

| A

f(x)=(x-4) (x-a,)..(x—a,) ¥ TR 2l xllgll f(x) = 22

ot a#a,a,.. a,% faw M 7 () F ofwem Fifm

ax|+1, x<0
30. =g f(x)=m, x=0
Hx|—1, x>0

@ o T e % faw im o) @1 sfeqe 22
f(x)-2

31. AR ®weH Ax), Eﬂrl’ >

x° -1
I hifSTa)

=n,® "g= Fw@ ¢, @ lmf(x)@m wm
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32. TR quishl m iR p & o limf(x)siin limf (x) i 1 eiferr 2, af

mx2+n, x<0
f(x)z nx+m, 0<x<I

nx3+m, x>1

12.5 3dehctST (Derivatives)

B 3% 13.2, W <@ o ¢ T fafay wmaauel  fie &1 fefd o1 st 39
1 T B G9e ¢ T fug ) feafa afafda e @ 21w o fafay eol ) o
4= 9ol (parameter) &1 ST 3R 39 <X 1 FG 64 1 FAH HTT TSy 361
e B @1 §, T oA & w1 fawd €| sty St i afes fefaal it &
5 et feman wraifaa w6 w1 STavaemal el 21 SIE0E: Uk ! o T@-@E
T O AfHd o AT T & 3G &0 T YT hi TS S 98 ST AT
BT & foF Ih1 hd Doy o, fafay Teel W Uehe 1 Sar STHE Yohe ST
1 36 Jued a7 o URehel whi STEYTShdl el ¢ oHH SUUE 1 ok ¥ WL
sTaea® Bl foxia Heuml & fohdl foRiy ek o oia Jed S sHeh godi |
e w1 ool S SavEs Bl €1 S SR UH ereh o feerfeal | @8 S
arefiee BT € T Uk oot § S ot wreret o Grdet uReds R YRR el 22 aier
o TId o Y 65 W e H1 STashersl 39 99 %1 §ET 529

uftarer 1 9H S £ T arafas qHd e @ R saehi IRYmT & 9id § T fag
a®l a W f 1 S

1imf(a+h)—f(a)
h—0 h
T Rty © wwd foF g9 w1 et 8l o W f{x) 1 e £ (a) W et
BT 2l
TR T & f(a), ¢ T x o Guel e 1 qRAmT aaqmr 2l

JETEIUT5x =2 W HeaH  fx) = 3x 1 TAhelsl A hifSIq|

R o f'(z):1imf(2+h)‘f(2):hm3(2+h)—3(2)

h—0 h h—0 h
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im0 i hima =3
h—0 h =0 h—>0

3: x =2 W HAT 3x ] ATHAS 3 2

JEEIUT 6 x = —1 W HeH flx) = 2x2 + 3x — 5 1 TIhars A Hiow| I8 off fag
HIfST fo& £7(0) + 37 (-1)=0.
T BH B x =0 3R x=—1 W f{x) 1 Feshels I Hd 2 €H U © T

_ imf(—1+h)—f(—1)

P - /O
[ 2(=14h) +3(=14 k) =5 = 2(-1)" +3(-1) -5
= lim
h—0 h
= lim 2h2h_ =1im (27 —1)=2(0)-1=-1
i 7o) = iy L1
i lim[z(om) +3(0+4)-5]-[ 2(0)" +3(0)-5]
h=0 h
_ iingzhzﬁh ~lim(2h+3) =2(0)+3=3

eed: f(0)+3/'(~1)=0

fewuit 39 feafq § wam ST 6 T g W staswharst &1 A9 W & § W 9|
F o fafay fael &1 gaesit yam afwfaa @)1 Fefafed sge o w5 2
IEAEIOT7  x =0 sin x T EHeS G SIS

& HM T fx)  =sinx. d9

. f(0+h)=f(0) . sin(0+h)-sin(0) .
e Y

s1nh:1
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TEAETOT8 x =03 x =3 W HeM f{x) =3 1 ehersl A Hio)

T Fieh oS e H Uiede i UGl 8, HeSey 4 98 TR ¢ fh 3= e
1 Y oI5 T STk I BFT T 39, e |, Frefefad uieer @ o faem 2
f(0+h)-£(0) 3-3

=lim = lim9 =0,
=0 h h—0 )

£'(0)= lim

h—0

h
L SBEn)-f(3) 33

h—0 h =0 h

wwER f(3) =

39 B9 T fdg W wed &
mﬁmﬁ?ﬁﬂww fa +h)
F 2l

A ST = f{x) T T
2 3R OF ST T %o &
setE W P = (aq, fla) @ S@ .
Q=(a+h fla+ h) I TR :
frre fag €1 emepfa 12.11 e — : : >X
T A §1EH S § TR 0 aqu:lﬁr ath

12.11
, . fla+h)-f(a
o oA

199 PQR, ¥ 7% T ? f&% 9% orun foos! @i &0 o ® €, =endar 9
tan (QPR) o sk & I fe Sffen PQ &1 @ret €1 EHl oiF &1 ufshan o, & 4, 0 1
3R S B ®, f6g Q, P AN TR =il € 31 89 UM ¢ e

fim F (@)= /(@) o OR
h—0 h Q-P PR

¢ 39 q27 o qod ® T el PQ, 9 y=f(x) o foig PR el *1 SR SR
EEIRIREE f'(a)=tany .

T TEU e o ToTy en ok fog W Sfaehers! od Y Fehd 81 AG Foish feig
T IEHS 1 A € A T8 Tk T4 Hor ] RN i € T Wer [
FHEFAS FHEI Sl & SI=eh ®9 W B TH Hor o STk i (efeiad THR
Rt e 2

4
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uftarr 2 WE ST R £ e arsdfess AR e @,
1imf(x+h)—f(x)

h—0 h
T R e, Sl el W w1 eI ®, i x W £ h1 STasherst qRia fame
S € SR f(x) W Frefua feran Sman 21 sraehers S g6 TR i STaeheTs ol WO
Tagia ft a1 S 2

TH THR F(x) = limf(x+h)_f(x)

h—0 h

T f(x) T GRAMN 61 Uid 9t @ Sl wel Suda @ i otk 1 T

He o S o Tafd= Hohdd €1 - f(x) B %(f(x)) g frefyq fean

Grm%?fq’y=f(x),aia's'%@ﬁmﬁmw%wﬁymﬂx)é?maw
% &Y § Seaifad foha1 ST € 30 D (F(x) )W ot Frefua feran sman 21

d df df
gk AIRE x = ¢ W foF ke af(X)a?ﬂaLm(dx) g

frrefird feran S 21
JETETOT 9 fix) = 10 x T 3Tkl A1d hIfST)
S 0 = }lii%f(x+h})l—f(x) _ Liil})lO(x+h2—lO(x)
_ 1im 1 _ fim (10)=10
=0 h h—0

FETETUT 10 f{x) = x2 k1 {Shersl Ad HIFST

TATMANE  f(x) = mf(“hz_f(x)

2 2
- 1imw = lim (h+2x)=2x
h—0 h -
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SETET0T 11 Ush 3TeR aidfash &N ¢ o U, 3R WM flx) = a H1 T&harsl
1 IS

I f(x)=mf(x+h2_f(x)

1
Wmnﬂx)=;aa‘raqawaamﬁm|

g BEHUAE f(x)= lim

h—0

f(x+h)—f(x)
h

1 1

lim (x+h) x
h—0 h

i )

lim ~| — = - lim —— 1
~ 0 | x(x+h) T 0 x(x+h) T2

12.5.1 el & Sidehersl &l SITioTa (Algebra of derivative of functions) FifR
Sahers 1 e ufeqw | dn fvea & @Y w9 § ofmfed @0 staskas &
et o Frehear @ i o fami & SITEA 1 ST Hd €1 g sl Frefefaa yHar
o U ®:
T 5 UF ST £ 3R g T U@ Wed € T Sk SwAlTS Wid W Sk steshel
uRefea €, 7

() T HerHl S A HT dhAS S Bl o kS I AN B

LA+ ()] = )+
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(i) T W o AR T ekl S el o Sfeshersil 1 A

d d d
LS ()-g(x)]=—f()-——g(x)

(i) I e oF UM HT Tdehersl FHfarEd o 98 (product rule) ¥ &=
T e

L) - ()]~ 70080+ 100~

(iv) 1 el oh 9NTRE @l STahersl MHfaiad SRTRa 99 (quotient rule)
g fean mn 7 (el el o IR °)

d d
i[f(x)J D0 @ e

dx (g)’
Ze! SUUTT HHIST 1 e ®9 Tl § SAEvIhd ®Y W SITE0 Hdl &1 eH 5
Tl Tag &t | et &1 fefa &1 de 7€ 90T " € fo &9 YR o wer

o 3fesherS] i YRehferd fohy ST &1 wHa o eifan &1 sl &1 fefafaa g0 9 1
e S ehdl © T9Ed I9ep TRl 3§ g 9 wEra e 2

EIERCIIE I uzf(x) 33ﬁ'(v=g(x)?|6l

g(x)

(uv)':u'v+uv'
IE Tl ok UM ok 3TheH o Tl Leibnitz fom a1 oM fram seaifed g
21 56 R, WnThe frEm €

! ' '
u uv—uyv
— gl 5
v v

e, 3E BH FS HHS Foldl o TashoHl i & T8 3@ W ¢ o Her
f(x) = x 1 RS =R Hed | ¢l TE 7 Hifh

) limf(x+h)—f(x) _ limx+h—x

h—0 h h—0 h

— liml=1
h—0
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T TEhT AR STGF THA B FAN flx) = 10x=x +x + ... + x (10 T%)
(STF THF & (i) W) ok ks & URehed § I ©

df (x)
dx

_ 4
= (x+...+x) (10 1)

—ix+ +ix 10 U<
 dx T dx ( )

= 1+4..+1 (10 98) = 10.

TH o < ® R 39 9 1 4 OE g o A o off ur fher S gk @1
Wm%,ﬂx)=10x=uv,ﬁﬁumﬁ%3ﬁuquﬁIOWWW
2 3R v(x) =x. T&l &0 S ® o 4 1 Stawerst 0 o aUe © WU & v(x) = x
TRl | o SR €1 39 WehR UM T 9, 8H U €

f'(x) = (10x)' =(uv)' =uv+u'=0x+10.1=10
THI SR W fix) = x> o fehelS 1 HH Ww {Ha S Gkl 21 €H T B
f(x)=x2=x.x3‘ﬁT 31d:

d d d d
Lo L) = (5o (x)

X

= lx+x.1=2x

i =T &Y W 89 FefaiEd 999 U 2:
i 6 frdt o9 quies n & fAU f{x) = x7 T STEweS xRl

SUUTH 3o Hed &1 IRE 9§, 89 Ud T

o e Sxrh)=f(x)  (x+h) =X
f(x)—hm =lim p .

h—0 h h—0

fgus g wed € 6 (x+ h)y' = (”Co)x” +(”C])x”"h+...+(”cn)h”3ﬁ'{

(x+hy —x"=h(nx""'+...+ h" ") TH TR

n n n—1 n—1
df(x) - (x+h) -x" limh(nx +.ot+h )
dx >0 h T 50 h

. n—1 n—1
= = —1
}11_r)ré (nx +...+h ) , n
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Terercad: &1 SUh! n W A MR oF g @ oft 7 yahR fag e g €
n=1 o foIq 78 "= ¢ w1 o wee fe@mn s g @

d, N d, .
) = ()

- %(x).(x”_l)+x.di(x”_l) (TH 7 9)

X

=1x"" +x.((n—1)x"‘2) (3T ARehea )

= X" +(n —1)x"" =nx""!

et 3wda g9a x,F G ual o fa g ® tufq p g o arfas gen @
ghdt 21 (A B9 2T @l fag T8l i)

12.5.2 3@37' 31 FRIvTrde Tl o sadherst (Derivative of polynomials and
trigonometric functions) TR THAARG THT | IRH 3 S FHh! IgI_d Hel o
Sehersl Saedl 7

g 7 WM ST fix) = anx"+an_1x"_1+....+a1x+a0 Teh aguard el 2 sl as
Tl S HEAad € R a, » 0 7@ TS o 39 YER A S €

d
j;(X) =na,x"" +(n=1)a, ;X7 +..+ 2a,x+aq,
X

TG YT $I YU THA 5 R TN 6 oF WA () K A Y T W U i S
Teht 21

FETETUT 13 6x1%0 — x5 + x o 3TehelSl ol UReheld hiferu|
T STdE WHE w1 Wl YA Sdeldl © o SWE e a1 eTaeher

600x”° —55x> +1 Bl

AT 14 x=1 W flx)=1+x+x2+x3+.. +x° & ksl Fd iUl

T STYH THA 6 T W AN Fqendl ® foh ST WeM H1 STl
1+2x+3x2+. .. +50x% Bl x=1 T ZH el & A 1 +2(1) +3(1)2 +... + 50(1)*

(50)(51)
2

—14+2+3+...4+50= = 1275 Bl
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SETE 15 f(x)=xT+1 1 SIS T F
e I8 B x =0 o AR g o fow aRwifd 21 89 W8l u=x+ 1 3 v=x
TR ANTHA M R GE H B S u = 1 3R v = 1 sHfee

df(x)_i(x_ﬁj_i(gj _u'v—uv'_l(x)—(X+1)1 1

dc  de\ x ) dx\v) 2
FETETUT 16 sin x o 3TThels ol YRehed ohifold|
A HH ST fx) = sin x, T4

df (x) _ limf(x+h)—f(x)_lim sin(x+ h)—sin(x)

h

2 2 2
v X X

dx h—0 h h—0
=)
2cos| —— |[sin| —
= lm 2 2) (sin A—sin B & §3 T TN k)
h—0 h

sin—
limcos| x+— [.Iim 2 =cosx.l=cosx
= 10 2 )0 h .

2

IEETUT 17 tanx oF STdHhers &1 YReped ifsul
F@ HM WIS fx) = tan x, 9
df (x) _ . f(x+h)-f(x) . tan(x+h)—tan(x)

=1lim
dx h—0 h h—0 h

I{Sin(x+h)_sinx}

_ lim—
=0 | cos(x+h) cosx

h—0

_ lim{sin(x+ h)cos x — cos(x + h)sinx}

hcos(x +h)cosx

sin(x+h—x)

_ lim (sin (A + B) % T 1 AN H{ch)

~ m>0heos(x+h)cosx
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. sinh . 1
_ lim Jdim
h=>0  h  h—>0 cos(x+ h)cosx

1

2
COos X

JEEIUT 18 f{x) =sin? x o 3Taharsl 1 IRehe wHifeul

2
= 1. =sec” x

Tl BH SO I W H ok fAU Leibnitz T0F g3 61 F4T F
% = g(sinx sin x)
= (sin x)' sin x + sin x (sin x)’
= (cos x) sin x + sin x (cos x)
= 2sin x cos x = sin 2x.

[ woaraett 12.2 ]

x=10W x*—2 1 FFHAS A BT

x=1T x 1 3Tdhelsl A hifod|

x =100 T 99x T 3TTehersl A HITIT|

v fagid 9 fefafed ®werl o eTahels] A1d itad:

(i) ¥ -27 (i) (x—1)(x-2)

AW N -

x+1
-1

1
(i) —= (iv)

100 99 2

5. e f(x):fm+);—9+...+x?+x+l

= foau fag =ifse f6 f7(1)=1007(0).

6. TRt sR ardfas G& g F 0 " 4" +a?x" 2 4. +a" x4+ a" H
STIHeTS! AT i

7. Tl =i o 3R b, & foru,

x—a
x=b

(i) (x-a)(x=b) (i) (ax*+b) (iif)
% S{ahers! A hifeT
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11.

IETET0T 19 Yo Tagid § £ 1 Seshers i B Sl £ 36 YN Ued e

@ iR s

n

a 1 3Thersl A hifeTd|
X—da

et R g fow

. Trafafead & sasas I Hifeg:

(i) 2x—% (i) (5x*+3x-1) (x-1)
(i) x7(5+3x) (iv) «*(3-6x7)
v 2 (3-4x7) i) —>- X
x+1 3x-1

o T95Td § cos x T Thals G Hifsg|
frafafad sl o Aashas A9 STl

259

(1) sinxcosx (i1) secx (111) Ssecx +4cosx
(iv) cosec x (v) 3cotx+5cosecx
(vi) Ssinx—6cosx+7 (vil) 2tanx—7secx

ferfearer Sqrgvor

i 2x+3 By 1
) f)="— (i) )=+

T (i) oI AT fR ®er x =2 W aReifE T {1 wife, g9 U @

2(x+h)+3 2x+3
f'(x)—hm ( +h) f( )= : x+h-2 x—2

h=0 h h»O h

(2x+2h+3)(x=2)=(2x+3)(x+h-2)

& H(=2)(+h-2)

(2x+3)(x=2)+2h(x=2) = (2x+3)(x —-2) = n(2x +3)

LE

i h(x=2)(x+h-2)
-7 __ 7
A )
T g N x=2 W wer 1 off gftenfad T R

lim
he
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(i) x=0W Her R T 21 AR, B9 W

[

=]
I
+
|
I

T: e AR foh x =0 R wem /7 aReifia T 2

TATET0T 20 ¥om Tagia ¥ ®e f{x) T Tdehes A1d ST ST f(x)

(1) sinx +cosx (i1) xsinx

T ()T W g, f(x) =

f(x+h)=1(x)
h

sin(x+h)+cos(x+h)—sinx—cosx

h=0 h

sinx cosh +cosx sinh +cosxcosh —sinx sin/ —sin x —cos x
im
h=0 h

sinh (cosx —sin x) + sinx(cosh - 1) + cosx(cosh - 1)

= lim
h=-0 h
. si . L cosh —1 -1
= lim sin / (cosx —s1nx)+ hmsmxu +1lim cosxm
h=0 h N h h-0

=COoS X — sin x
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G 1(x) = 1imf(x+h)—f(x):hm(x+h)sin(x+h)—xsinx

h—0 h h—0 h

~ (x+h)(sinx cosh+sink cosx)—xsinx
= lim
h—0 h

xsinx(cosh—1)+xcosxsinh+ h(sinxcosh+sinh cosx)

= lim
h—0 h
xsinx(cosh—1) sinh . .
= lim +1im,_,, xcos x—— +lim(sinxcos/ +sin/cosx)
h—0 h h—0

=Xx coS x +sin x

3aE0T 21 (i) flix) = sin 2x (11) g(x) =cot x
% 3TThTS bl UReheld hifold|

T (i) R ¥ sin 2x = 2 sin x cos x T JTERUT HIWT| 36 TR

df(x) _ i(zsmxcosx)=2i(sinxcosx)
dx dx dx

2[(sin x)' cosx + sinx(cos x)' }

2[(005 x)cosx + sinx(—sin x)} = 2(0052 x —sin? x)

COSXx

(ii) R 9, g(x) = cotx=—— %A IRTHS T HT FANT 39 e W H4T, el el
dg d _d(cosx| (cosx) (sinx)—(cosx)(sinx)’
g qRIE 2| A dx(COtx) dx(sinxj_ (sinx)?

_ (=sinx)(sin x)—(cos x) (cos x)

(sinx)?

.2 2

sin” x +cos” x )

= ————— ———=—cosec’x
sin” x
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1
Taereaa: sae! wﬂéwﬁcotx=tan
X

1 AT H € T tan x 1 SRS sec’ x B S BHA SR 17 § 2@ ® SR Y
B 3R Wl F1 SAIHAS 0 Bl B

gzi(cotx): i( 1 j
dx dx dx \ tanx

, Ufiehferd foran S Weha €1 61 &9 39 a2

(1)’ (tan x)—(1)(tan x)’
B (tan x)*

_ (0)(tan x)—(secx)?

(tan x)*
—sec’ x 5
= S —= —cosec’x

tan” x

5
. X —CoSx . Xx+cosx
3algul 22 (i) —— (i1)

sin x tan x

1 STIheTs A il

5
T (i) T e h(x)z%m.ﬁﬁﬁ%ﬁwm%,ﬂwwm
X
TR 939 T 93 R

(x° —cos x)'sinx — (x° —cosx)(sinx)’

h'(x) =
(sinx)?
3 (5x* +sinx)sinx — (x° — cosx)cos x
sin® x

B —x*cosx+5x*sinx+1

- (sinx)’
4 X+ CoSX . ¢ __n
(if) & wH — W THS I 1 AT w01 Sl wEl o g8 aiefid 2
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(x+cosx)"tan x — (x + cos x)(tan x)’
(tan x)*

h'(x) =

(1—sin x)tan x — (x + cos x)sec” x
(tan x)*

T 12 UT fatfasr gy-nadr
1. vem fagia 9 fafafed woml &1 /dasast A Sifeg:

(i) —x (i) (cx)" (Gi)sin@+1)  (iv) cos (x - g)

frefeiad el o Sferhers I HITST (98 9 S T o, b, ¢, d, p, g, r 3R
s T S erer € IR m e quiien 2):

r
_ 2
2. (x +a) 3. (px + ) (;s] 4. (ax+b)(cx+d)
1
ax+b 1+— 1
5. 6. X 7. —
ex+d 1 1 ax” +bx+c
X
ax+b 2 b
8. ————— g Px Fax+r 10. %——2+cosx
px tgx+r ax+b XX
11. 4x-2 12. (ax+b)" 13. (ax+b)" (cx+d)"
) cosx
14. sin (x + a) 15. cosec x cot x 16. ;
1+sinx
. sin x + cos x 5 secx—1 o
" sinx—cosx " secx+1 Cosmex
a+bsinx sin(x + a) ‘e
20 o — 21, — 22. x"(5sinx—3cosx)
c+dcosx CcoSX
23. (x2+l)cosx 24. (ax2+sinx)(p+qcosx)
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28.

2 v
4x + 5si x“ cos| —
25. (x+cosx) (x—tanx) 26. SXrosmy 27 (‘J
3x+7cosx Sin x
X X
1+ tan x 29. (x+secx) (x—tanx) 30. sin”

HRT1IT

& o o oriferd W S ek feg o o€ 3R o feigei W s e v, foig
W %o o o Y st WA (Left handed limit) =1 aRefa e €15
TR ST¢ U&r ekt AT (Right handed limit) |

¢ T fog W ke w1 HE ST vey 3R < el i el 9 ur s9ats 7
€ Afe 9 gurt &)

¢ A Rt foig W amd ger iR S ger w1 S Gurd T @ qf 9% el S
€ o 3§ foig W wer &t W w1 st T R

¢ TF TR WS o SR T wer [ % fa im fy) 8k f(q) TR T oA
& Gehd (Ird H, Tk gRefid 81 eIk gEa )

o T fER g% fou Frefarad o e S

lim [f(x)ig(x)]zlim f(x)£lim g(x)

lim[ £ (x).g(x)]=lim /(x).lim g(x)

{f(x)}_liflf ¢
g(x) | limg(x)

lim

X—>a

¢ frafafea ¢ Ams @9 2

n n
. X —a —1
lim =na"
x—=>a X—dad
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. l—cosx
lim

x—0 X
¢ g W HAT [ BT AThAS

=0

1@ =1im LD 5 vty e

¢ g Ty W Aehers, SeThers held

£ix)= f(x) _lim f(“h) e e

h—0

. Wuaﬁwvéafwzﬁw%if@am%ﬁm%.

(uxv)=u'£v

(uv) =u'v+uw'

(ZJ L VE G )

7
¢ frfafea $9 AFe e 8:

d n n—1
—(X )=nx
e (x")

d .
—(sinx)=cos
e (sin x) X

d d
—(cos x)=—sin
e (cosx) X

dfETiaE gEYgy

TOTG ok SfET W heid o SFONUl ok 99 whi WKW ¥ ] W YHE@
Issac Newton (1642 — 1727) 3R G.W. Leibnitz (1646 — 1717). ¥l vrarsl |
T A T Yok e T STENYT R e o SANTHA o 1% gHh STTH
o 2g 3 TG = e T 9fEls Sehou T &1 9= 99 T8 ot
A.L.Cauchy, J.L.Lagrange 3R Karl Weier strass %! 9T &1 Cauchy 3 F&H 1
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YR fean frgent 19 ed =aehd: q18d &ishi | TR % Foh &1 Cauchy =
D'Almbert &1 EH Gheddl o TAM o §RI STeeharsl i IR | HAr Fi

sin o

IR ¥ IRY HW T =0 fow 1 i SE SeE fTul Sen

(24

Ay_ [t -f()

Ax ; , o sk i—)O,a'? foq | 'f"(x)a? foq y’,

“function derive’e " A &I

1900 @ qdf =g | Sl o1 & et 1 9gHT Sgd Hicd T, TafeT shord
el ki UEw @ ST off| A i 1900 § $Teie ® John Perry T 31 1 T
o= 1 Y=R & YR T o6 e &1 g fafemi it umomd ot € 3R
TFel TR R i U@ S Gehdl €1 F.L. Griffin ¥ el o 31e99 ! gord ad o
I W YR Hich g FaH fehan 37 A g sgd wHdgel s e

3Tt 1 Sheret IO 31ftq e o vl 19 sifaent, e famm, stefore,
SHafeme & e w1 S FEeyo 2

)
— 0 —
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